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Abstract. An implicit operation of a class of similar algebras K is a collection of first order

definable partial functions on the members of K that is globally preserved by homomorphisms.

For instance, “taking inverses” can be viewed as a unary implicit operation of the class of

all monoids because its graph on a given monoid is defined by the equation xy ≈ 1 ≈ yx

and monoid homomorphisms preserve existing inverses. As this example demonstrates, the

implicit operations of a class K need not be given by a term of K. We show that an equational

class of commutative monoids can be expanded with enough implicit operations so that

every implicit operation can be interpolated by a family of terms if and only, in each of its

members, for every a there exists some b such that a = a2b, i.e., the class consists of inverse

monoids. Our methods build on the interaction of the theory of implicit operations with

Grillet’s description of finitely generated subdirectly irreducible commutative semigroups and

the combinatorics deriving from an extension of Isbell’s Zigzag Theorem to all equational

classes of commutative monoids.

1. Introduction

Implicit operations. An algebraic language is a family L of function symbols together

with a map ar : L → N that associates an arity with every member of L. Then, an L-algebra

is a structure A = ⟨A; {fA : f ∈ L}⟩, where A is a nonempty set and fA is a function on A

of arity ar(f) for every f ∈ L (see, e.g., [Ber11, Chap. 1.1] and [CK90, Chap. 1.3]). In this

case, we often say that L is the language of the algebra A. Familiar examples of algebras

include monoids, groups, rings, and Boolean algebras. Two algebras are said to be similar

when they have the same language.

An implicit operation of a class of similar algebras K is a family of partial functions on the

members of K that is globally preserved by homomorphisms and definable by a formula (see

[CKM25b, Sec. 3]). More precisely, an n-ary operation of K is a sequence f = ⟨fA : A ∈ K⟩,
where each fA : dom(fA) → A is a partial n-ary function on A with domain dom(fA) ⊆ An

that is globally preserved by the homomorphisms between members of K. The latter means

that for every homomorphism h : A → B with A,B ∈ K and ⟨a1, . . . , an⟩ ∈ dom(fA) we

have

⟨h(a1), . . . , h(an)⟩ ∈ dom(fB) and h(fA(a1, . . . , an)) = fB(h(a1), . . . , h(an)).
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An n-ary operation f of K is said to be implicit when it is defined by some first order formula

φ(x1, . . . , xn, y), in the sense that for all A ∈ K and a1, . . . , an, b ∈ A,

A ⊨ φ(a1, . . . , an, b) ⇐⇒ ⟨a1, . . . , an⟩ ∈ dom(fA) and fA(a1, . . . , an) = b.

For instance, “taking inverses” is an implicit operation of the class of all monoids because it

can be defined by the conjunction of equations φ(x, y) = (xy ≈ 1) ⊓ (yx ≈ 1) and monoid

homomorphisms preserve inverses when they exist.

Interpolation and epimorphisms. A term of a class of similar algebras K is a formal

expression obtained by applying the function symbols of K to the set of variables. For

instance, (1 · (x · y)) · z is a monoid term. With every term t(x1, . . . , xn) of K and A ∈ K we

associate a map tA : An → A that sends a tuple ⟨a1, . . . , an⟩ ∈ An to the result of applying t

to the elements a1, . . . , an. For instance, if t(x, y, z) = (1 · (x · y)) · z and A is a monoid, then

tA : A3 → A is the map defined as tA(a, b, c) = (1 · (a · b)) · c = abc for all a, b, c ∈ A.

As the implicit operations of a class of similar algebras K do not need to belong to the

language of K, it is natural to wonder whether they can at least be interpolated by the terms

of K. To this end, we say that an n-ary implicit operation f of K is interpolated by a family

of terms {ti : i ∈ I} of K when for every A ∈ K and ⟨a1, . . . , an⟩ ∈ dom(fA) there exists

i ∈ I such that fA(a1, . . . , an) = tAi (a1, . . . , an). Intuitively, the implicit operation f is made

“explicit” by the terms in {ti : i ∈ I}. If every implicit operation of K is interpolated by a

family of terms of K, we say that K has the strong Beth definability property (see [CKM25b,

Sec. 5]).

We recall that a class of similar algebras is said to be a variety when it can be axiomatized

by equations or, equivalently, when it is closed under homomorphic images, subalgebras, and

direct products (see, e.g., [BS12, Thm. II.11.9]). Notably, in the context of varieties, the

strong Beth definability property is equivalent to the following purely categorical property

(see [CKM25b, Thm. 6.5]). A variety K is said to have the strong epimorphism surjectivity

property when for all homomorphism f : A → B with A,B ∈ K and b ∈ B−f [A] there exists

a pair of homomorphisms g, h : B → C with C ∈ K such that g↾f [A] = h↾f [A] and g(b) ̸= h(b)

(see, e.g., [Mak99, p. 176] or [KMPT82])1 or, equivalently, when all monomorphisms are

regular in K (see, e.g., [KMPT82, Prop. 6.1]). For instance, the inclusion of ⟨Z; ·, 1⟩ into

⟨Q; ·, 1⟩ witnesses a failure of the strong Beth definability property in the variety of all (resp.

commutative) monoids because it shows that the implicit operation of “taking inverses” cannot

be interpolated by any family of monoid terms (otherwise Z would be a set of generators for

⟨Q; ·, 1⟩, which is false), as well as a failure of the strong epimorphism property in the same

variety because monoid homomorphisms preserve inverses.

The main result. As the above example shows, the implicit operations of a class of algebras

K need not be interpolated by terms of K in general. Therefore, it is natural to expand K

by adding enough implicit operations to ensure the validity of the strong Beth definability

property. The result of such an expansion of K has been called a Beth companion of K in

1In [KMPT82], the strong epimorphism surjectivity property is called IPA and defined in a different, but

equivalent, way.
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[CKM25b, Sec. 11]. For instance, the variety of Abelian groups is a Beth companion of

the class of cancellative commutative monoids (see [CKM25b, Thm. 11.9(i)]) and a Beth

companion for the class of reduced commutative rings can be obtained by adding the implicit

operations of “taking weak inverses and weak prime roots” (see [CKM26]). In general, a class

of algebras may admit distinct Beth companions or none, the latter being the case for the

class of all (resp. commutative) monoids (see [CKM25b, Thm. 14.1]). Nonetheless, in the

context of varieties, Beth companions are essentially unique when they exist because all the

Beth companions of a variety are term equivalent (see [CKM25b, Thm. 11.7]).

Our main result is a description of the varieties of commutative monoids with a Beth

companion. We recall that a commutative monoid ⟨A; ·, 1⟩ is said to be inverse when for every

a ∈ A there exists b ∈ A such that a = a2b (see, e.g., [Isb66, p. 242] and [Rap75, Lem. 4]).

We also say that a variety of commutative monoids is inverse when so are its members or,

equivalently, when it validates the equation xn+1 ≈ x for some n > 0 (see Theorem 2.11).

We will prove that a variety of commutative monoids has a Beth companion if and only if it

is inverse, in which case it is its own Beth companion (see Theorem 6.1). In other words,

either a variety of commutative monoids already has the strong Beth definability property

(in which case it is inverse) or it is hopeless to expand it with some implicit operations to

ensure the validity of this property. As a variety is its own Beth companion precisely when it

has the strong epimorphism surjectivity property (see [CKM25b, Thms. 11.9(vi) and 11.6]),

we deduce that the varieties of commutative monoids with this property are precisely the

inverse ones.

We recall that the variety of all commutative monoids lacks the strong Beth definability

property because, in general, the implicit operation of “taking inverses” cannot be interpolated

by a family of monoid terms. On the other hand, inverses can be interpolated in every inverse

variety K by a term of the form xn−1, because K validates the equation xn+1 ≈ x for some

n > 0 . It is therefore tempting to conjecture that this is the reason why the sole varieties of

commutative monoids with a Beth companion are the inverse ones. However, this impression

should be dispelled because every proper variety of commutative monoids K possesses an

implicit operation f that interpolates the implicit operation of “taking inverses” and, moreover,

is extendable, in the sense that each A ∈ K can be extended to some B ∈ K in which fB is

total and extends fA (see Example 5.3). The latter makes it possible to expand K by adding

f , thus resolving the problem of intepolating existing inverses. However, as our theorem

shows, this is not enough to ensure the validity of the strong Beth definability property,

unless K was an inverse variety from the start (in which case, there is no need to expand it

at all).

Isbell’s Zigzag Theorem. In order to explain what prevents the existence of a Beth

companion for noninverse varieties of commutative monoids, we rely on the notion of a

dominion. More precisely, given a subalgebra A of a member B of a variety K (in symbols

A ⩽ B ∈ K), the dominion of A in B relative to K is the set

dK(A,B) = {b ∈ B : g(b) = h(b) for every pair of homomorphisms

g, h : B → C with C ∈ K such that g↾A = h↾A}.
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As K is closed under subalgebras, K has the strong epimorphism surjectivity property if and

only if dK(A,B) = A for every A ⩽ B ∈ K.

A celebrated result, known as Isbell’s Zigzag Theorem (here, Theorem 3.1), provides a

description of dominions in the varieties of all monoids and all (resp. commutative) semigroups

in terms of certain formulas, which we term Isbell’s formulas (see [Isb66, Thm. 2.3], [HI67,

Thm. 1.1], and [How96, Thm. 1.2]). By means of elementary category theory tools and Head’s

classification of varieties of commutative monoids (see, e.g., [GLV22, Thm. 5.1]), we show

that Isbell’s Zigzag Theorem can be extended to all such varieties (see Theorem 3.2). For the

present purpose, the interest of Isbell’s Zigzag Theorem derives from the observation that

the simplest Isbell’s formula

φ(x1, x2, x3, y) = ∃w, z((y ≈ wx2z) ⊓ (wx2 ≈ x1) ⊓ (x2z ≈ x3))

defines an implicit operation on every proper variety K of commutative monoids and, unless

K is inverse, the proof of Theorem 6.1 shows that K cannot be expanded so that this implicit

operation be interpolated by a family of terms. This impossibility proof relies on Grillet’s

characterization of finitely generated subdirectly irreducible commutative semigroups (see

[Gri01, Cor. IV.4.6]) and requires the full power of Isbell’s Zigzag Theorem for K.

2. Commutative monoids

2.1. Basic concepts. Given a binary operation · on a set A and a, b ∈ A, we will write ab

as a shorthand for a · b. Moreover, we recall that

(i) a semigroup is an algebra ⟨A; ·⟩, where · is a binary associative operation on A;

(ii) an element a of a semigroup ⟨A; ·⟩ is neutral when ab = b = ba for every b ∈ A;

(iii) a monoid is an algebra ⟨A; ·, 1⟩, where ⟨A; ·⟩ is a semigroup with neutral element 1.

A semigroup may have at most one neutral element. A monoid or a semigroup is said to

be commutative when the operation · is commutative. The semigroup reduct of a monoid

A = ⟨A; ·, 1⟩ is the semigroup As = ⟨A; ·⟩.
An element a of a commutative semigroup A is said to be

(i) a zero element when ab = a for every b ∈ A;

(ii) n-nilpotent for some n ∈ N when an is a zero element;

(iii) nilpotent when it is n-nilpotent for some n ∈ N;

(iv) cancellative when ab = ac implies that b = c for all b, c ∈ A;

(v) an inverse of some b ∈ A when ab is neutral, in which case we write a−1 = b;

(vi) invertible when it possesses an inverse.

A commutative semigroup or monoid A is called nilpotent (resp. cancellative) when so are

all its elements.

The following is an immediate consequence of the definitions.

Proposition 2.1. The following conditions hold for all commutative semigroups A and

a ∈ A:

(i) A may have at most one zero element;

(ii) a may have at most one inverse;
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(iii) if a is invertible, then it is cancellative.

2.2. Varieties. Let I,H,S,P, and Pu be the class operators of closure under isomorphisms,

homomorphic images, subalgebras, direct products, and ultraproducts. Then, a class of

similar algebras is said to be a variety when it is closed under H, S, and P or, equivalenlty,

when it can be axiomatized by a set of equations (see, e.g., [BS12, Thm. II.11.9] due to

Birkhoff). For every class of similar algebras K there exists the least variety containing K,

which we denote by V(K).

We consider the following classes of algebras for every m,n ∈ N:

S = the variety of semigroups;

CS = the variety of commutative semigroups;

M = the variety of monoids;

CM = the variety of commutative monoids;

An = the variety of commutative monoids satisfying xn ≈ 1;

Cn = the variety of commutative monoids satisfying xn ≈ xn+1;

Vm,n = the variety of commutative monoids satisfying xm+n ≈ xn.

Remark 2.2. For every n > 0 the members of An can be viewed as groups because for all

A ∈ An and a ∈ A we have a−1 = an−1. ⊠

Proposition 2.3. For every m,n ∈ N,

A0 = CM;

A1 = C0 = the variety of trivial monoids;

Vm,n = V(Am ∪ Cn).

Furthermore, Vm,n is a proper subvariety of CM if and only if m > 0.

Proof. The first two equalities are immediate consequences of the definitions. The last equality

is established as follows. When m = 0, using the definition of V0,n and the first equality in

the above display, we obtain V0,n = CM = V(A0 ∪ Cn). So, we may assume m > 0. From

[GLV22, Thm. 5.1] it follows that Vm,n = V(As ∪ Ct) for some s, t ∈ N. Suppose, with a

view to contradiction, that s does not divide m, and let A be the monoid reduct of the

cyclic group of order s. Then A ∈ V(As ∪ Ct) − Vm,n, which contradicts Vm,n = V(As ∪ Ct).

Therefore, s divides m. Assume, again with a view to contradiction, that n < t. Consider

the monoid B = ⟨N; +, 0⟩/θ, where θ is the congruence defined by ⟨a, b⟩ ∈ θ if and only

if a = b or t ⩽ a, b. Then B ∈ V(As ∪ Ct) − Vm,n, which contradicts Vm,n = V(As ∪ Ct).

Therefore, s divides m and t ⩽ n. From the definitions of the varieties involved, it follows

that Vm,n = V(As ∪ Ct) ⊆ V(Am ∪ Cn). Since it is immediate to see that V(Am ∪ Cn) ⊆ Vm,n,

we conclude that Vm,n = V(Am ∪ Cn).

It only remains to prove the last part of the statement. Observe that Vm,n is axiomatized

by xm+n ≈ xn, which is not valid in ⟨N; +, 0⟩ when m > 0. Therefore, Vm,n is proper if and

only if m > 0. ⊠
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Varieties of commutative monoids admit a transparent classification due to Head. More

precisely, every subvariety of CM is of the form V(Am ∪ Cn) (see, e.g., [GLV22, Thm. 5.1]).

Together with Proposition 2.3, this yields the following.

Theorem 2.4. A class K of commutative monoids is a variety if and only if K = Vm,n for

some m,n ∈ N.

2.3. Subdirect irreducibility. When ordered under inclusion, the set of congruences of an

algebra A forms an algebraic lattice, denoted by Con(A), whose minimum is the identity

relation idA on A (see, e.g., [BS12, Thm. II.5.5]). When idA is completely meet irreducible in

Con(A), we say that A is subdirectly irreducible. Given a class of algebras K, we let

Ksi = {A ∈ K : A is subdirectly irreducible}.

The importance of subdirectly irreducible algebras derived from Birkhoff’s Subdirect De-

composition Theorem, which implies that K = ISP(Ksi) for every variety K (see, e.g., [BS12,

Thm. II.8.6]).

Given an algebra A and X ⊆ A, we denote by SgA(X) the subuniverse of A generated by

X. We say that A is finitely generated when A = SgA(X) for some finite X ⊆ A. Lastly,

a universal formula is an expression of the form ∀x1, . . . , xnφ, where φ is a quantifier-free

formula.

Proposition 2.5. Let K be a variety and

K∗ = {A ∈ Ksi : A is finitely generated}.

Every universal formula valid in K∗ is also valid in Ksi.

Proof. From [CKM25b, Prop. 2.16] it follows that K = ISPPu(K∗), and [CD90, Lem. 1.5]

implies that (ISPPu(K∗))si ⊆ ISPu(K∗). Thus, Ksi ⊆ ISPu(K∗). As the validity of universal

formulas is preserved by I,S, and Pu (see, e.g., [BS12, Thm. V.2.20]), we are done. ⊠

Recall from Theorem 2.4 that every variety of commutative monoids is of the form Vm,n

for some m,n ∈ N. Furthermore, V0,n = CM for every n ∈ N by Proposition 2.3. Therefore,

the next result applies to all the proper subvarieties of CM, that is, the varieties of the form

Vm,n with m > 0 (see Proposition 2.3).

Theorem 2.6. Let A ∈ Vm,n be subdirectly irreducible for some m,n ∈ N with m > 0. Then

every a ∈ A is either n-nilpotent or invertible with a−1 = am−1.

In order to prove Theorem 2.6, we need the following fact about the finitely generated

members of CMsi.

Theorem 2.7. Let A ∈ CMsi be finitely generated. Then A is finite and every element of A

is either nilpotent or invertible.

Proof. Let As be the semigroup reduct of A. Consider a finite set X of generators of A.

Then As is generated by X ∪{1}. Moreover, observe that Con(A) = Con(As). Together with

the assumption that A is subdirectly irreducible, this ensures that so is As. Consequently,

As is finitely generated and subdirectly irreducible. Hence, A is finite by [Mal58] (see also



IMPLICIT OPERATIONS IN VARIETIES OF COMMUTATIVE MONOIDS 7

[Gri77, Cor. 3.9]). Since As is finite, [Gri01, Cor. IV.4.6] implies that every a ∈ A is either

nilpotent or invertible. ⊠

We are now ready to prove Theorem 2.6.

Proof. We begin by proving the following.

Claim 2.8. Let B ∈ Vm,n be finitely generated and subdirectly irreducible for some m,n ∈ N
with m > 0. Then every b ∈ B is either n-nilpotent or invertible with b−1 = bm−1.

Proof of the Claim. As B is a finitely generated member of CMsi, every element of B is either

nilpotent or invertible by Theorem 2.7. Consider b ∈ B. We have two cases depending of

whether b is nilpotent or invertible. First, suppose that b is nilpotent. Then there exists

k ∈ N such that bk is a zero element of B. We will show that b is n-nilpotent. If k ⩽ n, this

follows immediately from the assumption that b is k-nilpotent. If k > n, let

t = min{r ∈ N : k ⩽ n+ rm},

which exists because m > 0 by assumption. Then

bn = bn+rm = bn+rm−kbk = bk,

where the first equality holds because B ∈ Vm,n by assumption and Vm,n ⊨ xm+n ≈ xn by

definition, the second is straightforward, and the third holds because bk is a zero element.

Consequently, bn is a zero element, whence b is n-nilpotent.

Next, we consider the case where b is invertible. As B ∈ Vm,n and Vm,n ⊨ xm+n ≈ xn,

we have bm+n = bn = 1bn. Since b is cancellative by Proposition 2.1(iii), we obtain bm = 1.

Together with m > 0, this yields that b is invertible with b−1 = bm−1. ⊠

From Claim 2.8 it follows that the universal formula

φ = ∀x, y ((xny ≈ xn) ⊔ (xm ≈ 1))

is valid in the finitely generated subdirectly irreducible members of Vm,n. Therefore, φ holds

in every subdirectly irreducible member of Vm,n by Proposition 2.5. As A is a subdirectly

irreducible member of Vm,n by assumption, we conclude that every a ∈ A is either n-nilpotent

or invertible with a−1 = am−1. ⊠

Lastly, we will make use of the next observation.

Proposition 2.9. Let A ∈ CMsi and a ∈ A such that a = a2. Then a = 1 or a is a zero

element of A.

Proof. Suppose first that A is finitely generated. Theorem 2.7 implies that a is invertible

or nilpotent. If a is invertible, then a = a2a−1 = aa−1 = 1, where the second equality

holds because a = a2 and the others are straightforward. If a is nilpotent, then an is a zero

element for some n > 0. Since a = a2, we obtain that a = an, and so a is a zero element.

Therefore, the statement holds for every finitely generated member of CMsi. Together with

Proposition 2.5, this ensures that the universal formula

φ = ∀x, y (x ≈ x2 → (x ≈ 1 ⊔ xy ≈ x))
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is valid in every member of CMsi. Thus, for all A ∈ CMsi and a ∈ A such that a = a2, the

validity of φ implies that a = 1 or a is a zero element of A. ⊠

2.4. Inverse monoids. We recall that a monoid (resp. semigroup) A is said to be inverse

when for every a ∈ A there exists a unique b ∈ A such that

a = aba and b = bab

(see, e.g., [Isb66, p. 242]). We say that a variety of monoids is inverse when so are its members.

Under the assumption of commutativity, the definition of an inverse monoid can be simplified

as follows (see, e.g., [Isb66, p. 242] and [Rap75, Lem. 4]).

Proposition 2.10. A commutative monoid A is inverse if and only if for every a ∈ A there

exists b ∈ A such that a = a2b.

The inverse varieties of commutative monoids admit the following transparent description.

Theorem 2.11. The following conditions are equivalent for a variety K of commutative

monoids:

(i) K is inverse;

(ii) K does not contain C2;

(iii) K ⊨ xn+1 ≈ x for some n > 0.

Proof. (i)⇒(ii): Suppose, with a view to contradiction, that K is inverse and contains C2.

Then consider the unique commutative monoid A such that A = {1, a, b}, b is a zero element,

and b = a2. As A satisfies the equation x2 ≈ x3, it belongs to C2. Together with the

assumption that C2 ⊆ K, this yields A ∈ K. Therefore, A is inverse. By Proposition 2.10

there exists c ∈ A such that a = a2c. Since b = a2 is a zero element, this yields a = bc = b,

which is false.

(ii)⇔(iii): From the description of the lattice of varieties of commutative monoids (see e.g.,

[GLV22, Thm. 5.1]) it follows that for every variety K ⊆ CM we have C2 ⊈ K if and only if

K ⊆ Vn,1 for some n > 0, but the latter condition is equivalent to K ⊨ xn+1 ≈ x for some

n > 0 by the definition of Vn,1.

(iii)⇒(i): Consider A ∈ K and a ∈ A. Since an+1 = a by (iii), we obtain a = a2b for

b = an−1. Hence, A is inverse by Proposition 2.10, and so is K. ⊠

The next result of Howie and Isbell will be used later (see [HI67, Thm. 2.3]).

Theorem 2.12. For all A ⩽ B ∈ S with A inverse we have dS(A,B) = A.

3. Isbell’s Zigzag Theorem

For each n ⩾ 1 let

ψn(z1, . . . , zn, w1, . . . , wn, x1, . . . , x2n+1, y)
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be the conjunction of the following equations in the language of semigroups:

y ≈ x1z1; (1)

x1 ≈ w1x2; (2)

x2izi ≈ x2i+1zi+1 for i = 1, . . . , n− 1; (3)

wix2i+1 ≈ wi+1x2(i+1) for i = 1, . . . , n− 1; (4)

x2nzn ≈ x2n+1; (5)

wnx2n+1 ≈ y. (6)

Then let φ0(x, y) = ψ0(x, y) = x ≈ y and for each n ⩾ 1,

φn(x1, . . . , x2n+1, y) = ∃z1, . . . , zn, w1, . . . , wnψn(z1, . . . , zn, w1, . . . , wn, x1, . . . , x2n+1, y).

We refer to φn as to the n-th Isbell’s formula.

The following description of dominions is known as Isbell’s Zigzag Theorem (see [Isb66,

Thm. 2.3], [HI67, Thm. 1.1], and [How96, Thm. 1.2]).

Theorem 3.1. Let K ∈ {S,CS,M}, A ⩽ B ∈ K, and b ∈ B. Then b ∈ dK(A,B) if and only

if there exist n ∈ N and a1, . . . , a2n+1 ∈ A such that B ⊨ φn(a1, . . . , a2n+1, b).

The aim of this section is to extend Isbell’s Zigzag Theorem to all varieties of commutative

monoids. More precisely, we will prove the following.

Theorem 3.2. Let K be a variety of commutative monoids, A ⩽ B ∈ K, and b ∈ B.

Then b ∈ dK(A,B) if and only if there exist n ∈ N and a1, . . . , a2n+1 ∈ A such that

B ⊨ φn(a1, . . . , a2n+1, b).

To this end, we will make use of some elementary category theory, for which we refer to

[ML98]. As a first step, we recall that every variety K can be viewed as a category whose

objects are the members of K and whose arrows are the homomorphisms between them.

As such, K is a bicomplete category and, in particular, closed under small colimits (see,

e.g., [Ber15, Prop. 9.4.8 & Thm. 9.4.14]).2 Therefore, given A ⩽ B ∈ K, we denote by

p1, p2 : B → B ∗KA B the pair of arrows of K consisting of the pushout in K of the diagram

given by two copies of the inclusion map from A to B. Dominions and pushouts are connected

as follows (see [Isb66, Lem.1.1]).

Theorem 3.3. Let K be a variety, A ⩽ B ∈ K, and p1, p2 : B → B ∗KA B the pushout in K

of two copies of the inclusion map from A to B. Then

dK(A,B) = {b ∈ B : p1(b) = p2(b)}.

Let V be a subvariety of a variety K. We say that V is closed under K-pushouts when

the pushout in V of each pair of arrows g : A → B and h : A → C of V coincides with the

pushout of g and h in K. Similarly, V is said to be closed under K-colimits when the colimit

in V of every small diagram in V coincides with the colimit in K of the same small diagram.

2From the perspective of category theory, it is convenient to add an empty algebra to varieties whose

languages do not comprise any constant symbol. This issue, however, is immaterial for varieties of monoids.
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As pushouts are a special kind of small colimits, closure under K-colimits implies closure

under K-pushouts.

Corollary 3.4. Let V be a subvariety of a variety K and assume that V is closed under

K-pushouts. The for all A ⩽ B ∈ V we have dV(A,B) = dK(A,B).

Proof. Immediate from Theorem 3.3. ⊠

Let K be a variety of commutative monoids. In view of Theorem 2.4, K is axiomatized

relative to CM by xm+n ≈ xn for some m,n ∈ N. Observe that for every A ∈ CM the set

{a ∈ A : am+n = an}

is the universe of a subalgebra ΦK(A) of A that, moreover, belongs to K. In addition, for

every homomorphism h : A → B between members of CM the map ΦK(h) : ΦK(A) → ΦK(B)

defined as ΦK(h)(a) = h(a) is also a homomorphism. Therefore, ΦK : CM → K can be viewed

as a covariant functor (for a generalization of this construction, see [Mor18, Thm. 2.8]).

Lastly, let ΨK : K → CM be the inclusion functor. The next result establishes that K is a

coreflective subcategory of CM, that is, ΨK is a left adjoint.

Theorem 3.5. For every variety K of commutative monoids ΨK is left adjoint to ΦK.

Proof. In view of [ML98, Thm. IV.2(ii)], it suffices to show that for every homomorphism

h : A → B with A ∈ K and B ∈ CM we have h[A] ⊆ ΦK(B). To this end, consider

h : A → B as above. Since K is a variety of commutative monoids, it is axiomatized relative

to CM by xm+n ≈ xn for some m,n ∈ N (see Theorem 2.4). Then consider a ∈ A. As

A ∈ K, we have am+n = an. Since h is a homomorphism, this yields h(a)m+n = h(a)n, whence

h(a) ∈ ΦK(B) by the definition of ΦK(B). ⊠

Corollary 3.6. Every variety of commutative monoids is closed under CM-colimits.

Proof. Let K be a variety of commutative monoids and D a small diagram in K. Moreover,

let X be the colimit of D in K. Since ΨK : K → CM is a left adjoint functor by Theorem 3.5

and left adjoint functors preserve small colimits, ΨK(X) is the colimit of ΨK(D) in CM. As

ΨK is the inclusion functor of K into CM, we have X = ΨK(X) and D = ΨK(D). Hence X is

the colimit of D in CM as well. ⊠

From Corollaries 3.4 and 3.6 we deduce the following.

Corollary 3.7. Let K be a variety of commutative monoids. Then for all A ⩽ B ∈ K,

dK(A,B) = dCM(A,B).

Recall that the semigroup reduct of a monoid A is denoted by As. In view of Theorem 3.1

and Corollary 3.7, to prove Theorem 3.2, it will be enough to establish the following.

Proposition 3.8. For all A ⩽ B ∈ CM,

dCM(A,B) = dCS(As,Bs).



IMPLICIT OPERATIONS IN VARIETIES OF COMMUTATIVE MONOIDS 11

Proof. To prove the inclusion from right to left, we reason by contraposition. Consider

b ∈ B − dCM(A,B). Then there exists a pair of monoid homomorphisms g, h : B → C with

C ∈ CM such that g↾A = h↾A and g(b) ̸= h(b). Then g, h : Bs → Cs is a pair of semigroup

homomorphisms with Cs ∈ CS witnessing b /∈ dCS(As,Bs), as desired.

Next, we prove the inclusion from left to right. Again, we proceed by contraposition.

Consider b ∈ B − dCS(As,Bs). Then there exists a pair of semigroup homomorphisms

g, h : Bs → C with C ∈ CS such that g↾A = h↾A and g(b) ̸= h(b). We may assume that C =

SgC(g[B] ∪ h[B]), otherwise we replace C by its subalgebra with universe SgC(g[B] ∪ h[B]).

Claim 3.9. The element g(1B) is neutral in C and g(1B) = h(1B).

Proof of the Claim. First, observe that 1B ∈ A because A is a subalgebra of the monoid B.

Together with the assumption that g↾A = h↾A, this yields g(1B) = h(1B).

Next, we prove that g(1B) is neutral in C. Consider an element c ∈ C. As C is

commutative, it will be enough to show that c = g(1B)c. Since c ∈ C = SgC(g[B] ∪ h[B])

and g[B] and h[B] are both universes of subalgebras of C, there exist a1, a2 ∈ B such that

either c = g(a1), or c = g(a1)h(a2), or c = h(a2).

Observe that g(1B)g(a1) = g(1Ba1) = g(a1). When combined with any of the first two cases

in the above display, this yields g(1B)c = c, as desired. Therefore, it only remains to consider

the case where c = h(a2). Recall that g(1B) = h(1B). Hence,

g(1B)c = h(1B)c = h(1B)h(a2) = h(1Ba2) = h(a2) = c. ⊠

By Claim 3.9 the commutative semigroup C can be viewed as a commutative monoid

C∗, whose neutral element is g(1B) = h(1B). Consequently, the semigroup homomorphisms

g, h : Bs → C can be viewed as monoid homomorphisms g, h : B → C∗. As such, g and h

witness b /∈ dCM(A,B) because g↾A = h↾A and g(b) ̸= h(b) by assumption. ⊠

4. Isbell’s formulas

In this section, we establish some properties of Isbell’s formulas that will be needed later

on. Recall that ψn is the conjunction of the formulas in (1)–(6).

Proposition 4.1. Let A ∈ CM and c1, . . . , cn, d1, . . . , dn, a1, . . . , a2n+1, b ∈ A with n > 0 be

such that

A ⊨ ψn(c1, . . . , cn, d1, . . . , dn, a1, . . . , a2n+1, b).

Moreover, let d0 = 1. Then for every 0 ⩽ m ⩽ n− 1 we have

dma2m+1cm+1 = b = dm+1a2(m+1)cm+1.

Proof. We proceed by induction on m. For m = 0, we have to show that d0a1c1 = b = d1a2c1.

Since d0 = 1 by definition, this amounts to a1c1 = b = d1a2c1. Observe that b = a1c1 by (1).

Moreover, by (2) we have a1 = d1a2. Together with b = a1c1, this yields b = d1a2c1, as

desired.
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For the induction step, suppose that the statement holds for 0 ⩽ m < n− 1. We will show

that it holds for m+ 1 as well. To this end, observe that (3) and (4) give

a2(m+1)cm+1 = a2(m+1)+1cm+2 and dm+1a2(m+1)+1 = dm+2a2(m+2). (7)

From the right-hand side of (7) it follows that dm+1a2(m+1)+1cm+2 = dm+2a2(m+2)cm+2. There-

fore, it only remains to show that dm+1a2(m+1)+1cm+2 = b. Observe that, applying in succes-

sion the left-hand side of (7) and the inductive hypothesis, we obtain dm+1a2(m+1)+1cm+2 =

dm+1a2(m+1)cm+1 = b, as desired. ⊠

Recall that φn is the n-th Isbell’s formula.

Corollary 4.2. Let A ∈ CM with a zero element 0 and a1, . . . , a2n+1, b ∈ A such that

A ⊨ φn(a1, . . . , a2n+1, b). If am = 0 for some 1 ⩽ m ⩽ 2n+ 1, then b = 0.

Proof. If n = 0, then a1 = b by the definition of φ0. Hence, a1 = 0 implies b = 0, as desired.

Then suppose that n > 0. From A ⊨ φn(a1, . . . , a2n+1, b) and the definition of φn it follows

that

A ⊨ ψn(c1, . . . , cn, d1, . . . , dn, a1, . . . , a2n+1, b)

for some c1, . . . , cn, d1, . . . , dn ∈ A. As 1 ⩽ m ⩽ 2n+ 1 by assumption, either m = 2n+ 1 or

m ∈ {2k + 1, 2(k + 1)} for some 0 ⩽ k ⩽ n− 1. First, suppose that m = 2n+ 1. Then (6)

gives dna2n+1 = b. As a2n+1 = am = 0 by assumption and 0 is a zero element for A, this

yields b = 0, as desired. Next, we consider the case where m = 2k+ 1 (resp. m = 2(k+ 1)) for

some 0 ⩽ k ⩽ n− 1. By Proposition 4.1 and the assumption that am is a zero element for A

we obtain b = dka2k+1ck+1 = dkamck+1 = 0 (resp. b = dk+1a2(k+1)ck+1 = dk+1amck+1 = 0). ⊠

We will make use of the following observations.

Proposition 4.3. Let A ∈ CM and c1, . . . , cn, d1, . . . , dn, a1, . . . , a2n+1, b ∈ A with n ∈ N be

such that

A ⊨ ψn(c1, . . . , cn, d1, . . . , dn, a1, . . . , a2n+1, b).

Then the following conditions hold:

(i) If n > 0, then A ⊨ ψn−1(c2, . . . , cn, d2, . . . , dn, d1a3, a4, . . . , a2n+1, b);

(ii) A ⊨ ψn(c1, . . . , cn, ed1, . . . , edn, ea1, a2, . . . , a2n+1, eb) for every e ∈ A.

Proof. By the definition of ψn the following holds in A:

b = a1c1; (8)

a1 = d1a2; (9)

a2ici = a2i+1ci+1 for i = 1, . . . , n− 1; (10)

dia2i+1 = di+1a2(i+1) for i = 1, . . . , n− 1; (11)

a2ncn = a2n+1; (12)

dna2n+1 = b. (13)

(i): Assume that n > 0. We have two cases: either n = 1 or n > 1. First, suppose that

n = 1. Applying (13) we obtain b = d1a3. So, the definition of ψ0 yields A ⊨ ψ0(d1a3, b), as
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desired. Next, we consider the case where n > 1. Proposition 4.1 implies that b = d1a3c2.

From (11) it follows that d1a3 = d2a4. These two equalities, together with (10)–(13), imply

A ⊨ ψn−1(c2, . . . , cn, d2, . . . , dn, d1a3, a4, . . . , a2n+1, b)

by the definition of ψn−1.

(ii): Let e ∈ A. We have two cases: either n = 0 or n > 0. First, suppose that n = 0.

Then the definition of ψ0 yields a1 = b. It follows that ea1 = eb. Hence, A ⊨ ψ0(ea1, eb), as

desired. Next, we consider the case where n > 0. Multiplying (8), (9), (11), and (13) by e on

both sides yields

eb = ea1c1; (14)

ea1 = ed1a2; (15)

edia2i+1 = edi+1a2(i+1) for i = 1, . . . , n− 1; (16)

edna2n+1 = eb. (17)

Equations (14)–(17), together with (10) and (12), imply

A ⊨ ψn(c1, . . . , cn, ed1, . . . , edn, ea1, a2, . . . , a2n+1, eb)

by the definition of ψn. ⊠

Proposition 4.4. Let A ∈ CM and c1, . . . , cn, d1, . . . , dn, a1, . . . , a2n+1, b ∈ A with n > 0 be

such that

A ⊨ ψn(c1, . . . , cn, d1, . . . , dn, a1, . . . , a2n+1, b).

Then the following conditions hold:

(i) if a2 = 1, then A ⊨ φn−1(a1a3, a4, . . . , a2n+1, b);

(ii) if d1 is invertible and a1 = a2, then A ⊨ φn−1(a3, . . . , a2n+1, b).

Proof. (i): Suppose that a2 = 1. Since the definition of ψn implies a1 = d1a2, we obtain

a1 = d1. So, from Proposition 4.3(i) it follows that

A ⊨ ψn−1(c2, . . . , cn, d2, . . . , dn, a1a3, a4, . . . , a2n+1, b).

Thus, the definition of φn−1 ensures that A ⊨ φn−1(a1a3, a4, a5, . . . , a2n+1, b).

(ii): Suppose that d1 is invertible and a1 = a2. From Proposition 4.1 and the assumption

that a1 = a2 it follows that

b = d1a2c1 = d1a1c1.

The definition of ψn implies b = a1c1, and so the above display yields b = d1b. Therefore,

A ⊨ ψn(c1, . . . , cn, d1, . . . , dn, a1, . . . , a2n+1, d1b).

From Proposition 4.3(i) and the above display it follows that

A ⊨ ψn−1(c2, . . . , cn, d2, . . . , dn, d1a3, a4, . . . , a2n+1, d1b).

Applying Proposition 4.3(ii) with e = d−1
1 to the above display, we obtain

A ⊨ ψn−1(c2, . . . , cn, d
−1
1 d2, . . . , d

−1
1 dn, a3, a4, . . . , a2n+1, b). (18)

Hence, the definition of φn−1 implies A ⊨ φn−1(a3, . . . , a2n+1, b). ⊠
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We recall that, in the context of varieties, implicit operations admit a description in

terms of pp formulas, that is, formulas of the form ∃x1, . . . , xnφ, where φ is a conjunction of

equations. More precisely, if f is an implicit operation of a variety K, there exist implicit

operations f1, . . . , fn of K definable by pp formulas such that fA = fA
1 ∪ · · · ∪ fA

n for every

A ∈ K (see [CKM25b, Cor. 3.10]). Consequently, the pp definable implicit operations of

K form the building blocks of all the implicit operations of K. We denote the class of pp

definable implicit operations of a class of algebras K by imppp(K).

Proposition 4.5. Let K be a variety of monoids and n ∈ N. Then φn defines a (2n+ 1)-ary

member of imppp(K).

Proof. For the case K = M, see [CKM25b, Thm. 3.15]. As the restriction of an implicit

operation of a class of algebras K to a subclass K′ ⊆ K is an implicit operation of K′, we are

done. ⊠

Let K be a class of algebras and ∆ ⊆ imppp(K). We say that ∆ is a dominion base for K

when for all A ⩽ B ∈ K and b ∈ dK(A,B) there exist f ∈ ∆ and ⟨a1, . . . , an⟩ ∈ dom(fB)∩An

such that fB(a1, . . . , an) = b (see [CKM25b, Sec. 14]).

Example 4.6. Given a variety K of commutative monoids and n ∈ N, let iK,n be the

(2n+ 1)-ary member of imppp(K) defined by φn (see Proposition 4.5). From Theorem 3.2 it

follows that {iK,n : n ∈ N} is a dominion base for K. ⊠

Dominion bases and implicit operations are connected as follows (see [CKM25b, Thm.

14.3]).

Theorem 4.7. Let K be a variety with dominion base ∆ and f ∈ imppp(K) of arity n.

Then there exist g ∈ ∆ and n-ary terms t1, . . . , tm of K such that for all A ∈ K and

⟨a1, . . . , an⟩ ∈ dom(fA) we have

⟨b1, . . . , bm⟩ ∈ dom(gA) and gA(b1, . . . , bm) = fA(a1, . . . , an),

where bk = tAk (a1, . . . , an) for each k ⩽ m.

In view of Example 4.6, the following is a special instance of Theorem 4.7.

Corollary 4.8. Let K be a variety of commutative monoids and f ∈ imppp(K) of arity n.

Then there exist m ∈ N and n-ary monoid terms t1, . . . , t2m+1 such that for all A ∈ K and

⟨a1, . . . , an⟩ ∈ dom(fA) we have

⟨b1, . . . , b2m+1⟩ ∈ dom(iAK,m) and iAK,m(b1, . . . , b2m+1) = fA(a1, . . . , an),

where bk = tAk (a1, . . . , an) for each k ⩽ 2m+ 1.

5. Extendable implicit operations

In general, the implicit operations of a variety K need not be total. Therefore, we say that

an implicit operation f of K is extendable when for all A ∈ K and ⟨a1, . . . , an⟩ ∈ dom(fA)

there exists an algebra B ∈ K extending A such that ⟨a1, . . . , an⟩ ∈ dom(fB). The class

of extendable implicit operations of K will be denoted by ext(K), and that of pp definable



IMPLICIT OPERATIONS IN VARIETIES OF COMMUTATIVE MONOIDS 15

extendable implicit operations of K by extpp(K). The next result simplifies the task of defining

extendable implicit operations (see [CKM25b, Cor. 3.11 and Prop. 8.11(ii)]).

Proposition 5.1. Let K be a variety and φ(x1, . . . , xn, y) a pp formula such that for all

A ∈ Ksi and a1, . . . , an ∈ A there exists a unique b ∈ A such that A ⊨ φ(a1, . . . , an, b). Then

φ defines an n-ary member of extpp(K).

Notably, every member of a variety K can be “upgraded” to one in which all the extendable

implicit operations are total, in the following sense (see [CKM25b, Prop. 8.1 and Thm. 8.4]).

Theorem 5.2. Let K be a variety and A ∈ K. Then there exists B ∈ K with A ⩽ B such

that fB is total and extends fA for each f ∈ ext(K). In addition, when A ∈ Ksi, the algebra

B can be chosen in Ksi.

In order to add a family of implicit operations F ⊆ extpp(K) to a variety K, we proceed as

follows. Let L be the language of K and LF the language obtained by adding to L a new

n-ary function symbol gf for each n-ary f ∈ F . Then, we expand every member A of K in

which {fA : f ∈ F} is a family of total functions to an algebra A[LF ] in the language LF
by interpreting gf as fA for each f ∈ F . In addition, for every N ⊆ K let

N[LF ] = {A[LF ] : A ∈ N and {fA : f ∈ F} is a family of total functions}.

The pp expansion of K induced by F is S(K[LF ]) and represents the result of “adding the

implicit operations in F to K”.

Example 5.3. Let K be a proper subvariety of CM. We will prove that there exists a unary

f ∈ extpp(K) such that for every A ∈ K and a ∈ A,

if a−1 exists, then a ∈ dom(fA) and fA(a) = a−1.

Consequently, F = {f} induces a pp expansion of K in which the implicit operation of “taking

inverses” is interpolated by the term gf (x).

To prove the claim, recall that K is a proper subvariety of CM. Together with Proposition 2.3

and Theorem 2.4, this ensures the existence of m,n ∈ N with m > 0 such that K = Vm,n.

Then consider the pp formula

φ(x, y) = (xn+1y ≈ xn) ⊓ (y2x ≈ y).

We will prove that φ defines a unary member f of extpp(K). In view of Proposition 5.1,

it suffices to show that for all A ∈ Ksi and a ∈ A there exists a unique b ∈ A such that

A ⊨ φ(a, b). So, consider A ∈ Ksi and a ∈ A. By Theorem 2.6 we have two cases: either a is

n-nilpotent or it is invertible.

First, suppose that a is n-nilpotent, i.e., that an is a zero element for A. Together with

the definition of φ, this yields A ⊨ φ(a, an). Then consider b ∈ A such that A ⊨ φ(a, b).

We need to prove that b = an. By the definition of φ we have b2a = b. We will show by

induction on k that b = b2
k
a2

k−1 for every k ∈ N. In the base case, we have k = 0, and the

equality is straightforward to verify. For the inductive step, suppose that b = b2
k
a2

k−1 for
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some k ∈ N. We need to show that b = b2
k+1
a2

k+1−1. Using the induction hypothesis and the

identity b2a = b, we obtain

b = b2
k

a2
k−1 = (b2a)2

k

a2
k−1 = b2

k+1

a2
k

a2
k−1 = b2

k+1

a2
k+1−1,

as desired. Then consider k ∈ N such that n ⩽ 2k+1 − 1. We have b = can, where

c = b2
k+1
a2

k+1−n−1. Hence, b = an because an is a zero element of A.

Next, we consider the case where a is invertible. Together with the definition of φ, this

yields A ⊨ φ(a, a−1). Then consider b ∈ A such that A ⊨ φ(a, b). We need to prove that

b = a−1. By the definition of φ, we have an+1b = an. This yields

b = (a−1)n+1an+1b = (a−1)n+1an = a−1.

Hence, we conclude that φ defines a unary member f of extpp(K), as desired.

Lastly, from the definition of φ it follows that A ⊨ φ(a, a−1) for all A ∈ K and a ∈ A for

which a−1 exists. As φ defines f , in this case we have a ∈ dom(fA) and fA(a) = a−1. ⊠

6. Beth companions

A pp expansion of a variety K is said to be a Beth companion of K when it has the strong

Beth definability property or, equivalently, the strong epimorphism surjectivity property

(see [CKM25b, Thm. 11.6]). While a variety need not have a Beth companion, up to term

equivalence it may possess only one (see [CKM25b, Thm. 11.7]). For this reason, we talk

about the Beth companion of K (when it exists). Our aim is to prove the following.

Theorem 6.1. The following conditions are equivalent for a variety K of commutative

monoids:

(i) K has a Beth companion;

(ii) K has the strong epimorphism surjectivity property;

(iii) K is inverse.

Remark 6.2. As a variety is its own Beth companion precisely when it has the strong

epimorphism surjectivity property (see [CKM25b, Thms. 11.9(vi) and 11.6]), we deduce

that if a variety of commutative monoids K has a Beth companion, then K is its own Beth

companion. ⊠

The proof of Theorem 6.1 relies on the next observation (see [CKM25b, Prop. 14.6]).

Proposition 6.3. Let K be a variety with a Beth companion of the form S(K[LF ]). Then

for every f ∈ imppp(K) there exists g ∈ extpp(K) such that for all A[LF ] ∈ K[LF ] and

⟨a1, . . . , an⟩ ∈ dom(fA) we have

⟨a1, . . . , an⟩ ∈ dom(gA) and fA(a1, . . . , an) = gA(a1, . . . , an).

We are now ready to prove Theorem 6.1

Proof. (iii)⇒(ii): It suffices to show that dK(A,B) = A for all A ⩽ B ∈ K. So, consider

A ⩽ B ∈ K. Observe that As ⩽ Bs ∈ S. Moreover, As is an inverse semigroup because A is

an inverse monoid by assumption. Hence, dS(As,Bs) = A by Theorem 2.12. Together with

Theorems 3.1 and 3.2, this yields dK(A,B) = A.
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(ii)⇒(i): Since K is a pp expansion of itself, the assumption ensures that K is its own Beth

companion.

(i)⇒(iii): Let B be the commutative monoid3 with universe

B = {0, 1}3 ∪ {0},

neutral element ⟨0, 0, 0⟩, and multiplication defined for every a, b ∈ B as

ab =


⟨k1 + k2,m1 +m2, n1 + n2⟩ if a = ⟨k1,m1, n1⟩, b = ⟨k2,m2, n2⟩,

and ⟨k1 + k2,m1 +m2, n1 + n2⟩ ∈ {0, 1}3;
0 otherwise.

We begin with the following observation.

Claim 6.4. The monoid B is a subdirectly irreducible member of C2.

Proof of the Claim. The definition of B ensures that it is a commutative monoid and B ⊨
x2 ≈ x3. As C2 is axiomatized relative to CM by x2 ≈ x3, we obtain B ∈ C2. Next, we will

show that B is subdirectly irreducible. To this end, it will be enough to prove that

⟨0, ⟨1, 1, 1⟩⟩ ∈
⋂

(Con(B) − {idB}).

Consider θ ∈ Con(B) − {idB}. We will prove that ⟨0, ⟨1, 1, 1⟩⟩ ∈ θ. As θ ̸= idB, there exists

⟨a, b⟩ ∈ θ with a ̸= b. We have two cases: either 0 ∈ {a, b} or 0 /∈ {a, b}. Suppose first that

0 ∈ {a, b}. By symmetry we may assume that a = 0. Since b ̸= a = 0 and B = {0, 1}3 ∪ {0},

we have b = ⟨k,m, n⟩ for some k,m, n ∈ {0, 1}. Then ⟨1 − k, 1 −m, 1 − n⟩ ∈ {0, 1}3 ⊆ B.

From ⟨0, ⟨k,m, n⟩⟩ = ⟨a, b⟩ ∈ θ it follows that

⟨0, ⟨1, 1, 1⟩⟩ = ⟨0 · ⟨1 − k, 1 −m, 1 − n⟩, ⟨k,m, n⟩ · ⟨1 − k, 1 −m, 1 − n⟩⟩ ∈ θ.

Lastly, we consider the case where 0 /∈ {a, b}. As B = {0, 1}3 ∪ {0}, we have a = ⟨k1,m1, n1⟩
and b = ⟨k2,m2, n2⟩ with ki,mi, ni ∈ {0, 1}. Since a ≠ b, by symmetry we may assume that

k1 ̸= k2 and, in particular, that k1 < k2. The latter means that k1 = 0 and k2 = 1. Then

consider ⟨1 − k1, 1 −m1, 1 − n1⟩ ∈ {0, 1}3 ⊆ B. Since k2 = 1 and 1 − k1 = 1 − 0 = 1, we

have k2 + (1 − k1) = 2, whence ⟨k2,m2, n2⟩ · ⟨1 − k1, 1 −m1, 1 − n1⟩ = 0. On the other hand,

⟨k1,m1, n1⟩ · ⟨1 − k1, 1 −m1, 1 − n1⟩ = ⟨1, 1, 1⟩. Together with ⟨⟨k1,m1, n1⟩, ⟨k2,m2, n2⟩⟩ =

⟨a, b⟩ ∈ θ, this yields ⟨0, ⟨1, 1, 1⟩⟩ ∈ θ. ⊠

Suppose, with a view to contradiction, that K has a Beth companion and is not inverse.

Let S(K[LF ]) be the Beth companion of K and recall that F ⊆ extpp(K) by the definition of

a pp expansion. Moreover, recall that iK,1 is a ternary member of imppp(K) defined by the

Isbell’s formula φ1 (see Proposition 4.5 and Example 4.6). By Proposition 6.3 there exists

g ∈ extpp(K) such that

⟨a1, a2, a3⟩ ∈ dom(gC) and iCK,1(a1, a2, a3) = gC(a1, a2, a3) (19)

for all ⟨a1, a2, a3⟩ ∈ dom(iCK,1) and C[LF ] ∈ K[LF ].

3The definition of the monoid B is reminiscent of Higgings’ [Hig83, Sec. 2].
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As K is not inverse, Theorem 2.11 and Claim 6.4 guarantee that B ∈ Ksi. Therefore, we

can apply Theorem 5.2, obtaining some

A ∈ Ksi with B ⩽ A such that fA is total for every f ∈ F ∪ {g}. (20)

Claim 6.5. The monoid A possesses a zero element, namely, 0.

Proof of the Claim. Since B ⩽ A, we have 0 = 02 and 0 ̸= 1. As A is subdirectly irreducible,

Proposition 2.9 implies that 0 is a zero element of A. ⊠

Claim 6.6. We have

⟨⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩⟩ ∈ dom(iAK,1) and iAK,1(⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩) = ⟨1, 1, 1⟩.

Proof of the Claim. From the definitions of B and ψ1 it follows that

B ⊨ ψ1(⟨0, 0, 1⟩, ⟨1, 0, 0⟩, ⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩, ⟨1, 1, 1⟩).

By the definition of φ1 this amounts to

B ⊨ φ1(⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩, ⟨1, 1, 1⟩).

As the pp formula φ1 defines the implicit operation iK,1 and B ⩽ A, the statement follows

because the validity of pp formulas is preserved by extensions. ⊠

Moreover, recall that g ∈ imppp(K) is ternary and observe that gA is total by (20). Therefore,

by Corollary 4.8 there exist k ∈ N and ternary monoid terms t1, . . . , t2k+1 such that

gA(a1, a2, a3) = iAK,k(tA1 (a1, a2, a3), . . . , t
A
2k+1(a1, a2, a3)) for all a1, a2, a3 ∈ A.

Consequently, there exists also

n = min{m ∈ N : there exist ternary monoid terms t1, . . . , t2m+1 such that

gA(a1, a2, a3) = iAK,m(tA1 (a1, a2, a3), . . . , t
A
2m+1(a1, a2, a3))

for all a1, a2, a3 ∈ A− {0}}.
(21)

Claim 6.7. We may assume that tm ∈ {x1, x2, x3, 1} for every m ⩽ 2n+ 1.

Proof of the Claim. Consider m ⩽ 2n+ 1. As A is a commutative monoid, we may assume

that tm is of the form xk11 x
k2
2 x

k3
3 for some k1, k2, k3 ∈ N. If k1 + k2 + k3 ⩽ 1, then we may

assume that tm ∈ {x1, x2, x3, 1}, as desired. Then suppose that k1 + k2 + k3 > 1, with a

view to contradiction. Recall that {0, 1}3 ⊆ B ⊆ A. By applying in succession the fact that

B ⩽ A (which holds by (20)), the assumption that tm = xk11 x
k2
2 x

k3
3 , and the definition of B

in combination with k1 + k2 + k3 > 1, we obtain

tAm(⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩) = tBm(⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩)
= ⟨1, 1, 0⟩k1⟨0, 1, 0⟩k2⟨0, 1, 1⟩k3

= 0.

Together with Claim 6.5, the above display yields that

0 = tAm(⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩) is a zero element for A. (22)
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Now, observe that A ∈ K and that the algebra A[LF ] is defined by (20). Therefore,

A[LF ] ∈ K[LF ]. Together with (19) and Claim 6.6, this yields

⟨⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩⟩ ∈ dom(gA) and gA(⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩) = ⟨1, 1, 1⟩.

By (21) this implies

iAK,n(tA1 (⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩), . . . , tA2n+1(⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩)) = ⟨1, 1, 1⟩.

Since iK,n is defined by φn, we obtain

A ⊨ φn(tA1 (⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩), . . . , tA2n+1(⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩), ⟨1, 1, 1⟩).

Lastly, applying Corollary 4.2 and (22) to the above display, we conclude that 0 = ⟨1, 1, 1⟩,
which is false. ⊠

Claim 6.8. We have n ̸= 0, t2 ̸= 1, and t1 ̸= t2.

Proof of the Claim. We begin by showing that n ≠ 0. Suppose the contrary, with a view to

contradiction. On the one hand, Claim 6.7 implies

tA1 (⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩) ∈ {⟨0, 0, 0⟩, ⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩}. (23)

On the other hand, applying in succession (19) and Claim 6.6, we obtain

gA(⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩) = iAK,1(⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩)
= ⟨1, 1, 1⟩.

Together with (21), the assumption that n = 0, and the definition of iK,0, the above display

yields

tA1 (⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩) = iAK,0(t
A
1 (⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩))

= gA(⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨0, 1, 1⟩)
= ⟨1, 1, 1⟩,

a contradiction with (23). Hence, we conclude that n ⩾ 1, as desired.

Next, we prove that t2 ̸= 1 and t1 ̸= t2. Suppose, with a view to contradiction, that either

t2 = 1 or t1 = t2. We will reach a contradiction with (21) and the fact that the Isbell’s

formula φk defines iK,k for each k ∈ N by showing that there exist ternary monoid terms

s1, . . . , s2n−1 such that

A ⊨ φn−1(s
A
1 (a1, a2, a3), . . . , s

A
2n−1(a1, a2, a3), g

A(a1, a2, a3)) (24)

for all a1, a2, a3 ∈ A− {0}.

We have two cases depending on whether t2 = 1 or t1 = t2. We begin with the case where

t2 = 1. By (21) and the fact that φn defines iK,n we obtain that for all a1, a2, a3 ∈ A− {0},

A ⊨ φn(tA1 (a1, a2, a3), 1, t
A
3 (a1, a2, a3), . . . , t

A
2n+1(a1, a2, a3), g

A(a1, a2, a3)).

Therefore, we can apply Proposition 4.4 (in particular, its case (i)), obtaining that (24) holds

for all a1, a2, a3 ∈ A− {0} letting s1 = t1t3 and si = ti+2 for 1 < i ⩽ 2n− 1.

Next, we consider the case where t1 = t2. We begin with the following observation.
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Subclaim 6.9. Let a1, a2, a3 ∈ A− {0}. Then there exist c1, . . . , cn, d1, . . . , dn ∈ A with d1
invertible such that tA1 (a1, a2, a3) = tA2 (a1, a2, a3) and

A ⊨ ψn(c1, . . . , cn, d1, . . . , dn, t
A
1 (a1, a2, a3), . . . , t

A
2n+1(a1, a2, a3), g

A(a1, a2, a3)).

Proof of the Subclaim. From (21), the fact that φn defines iK,n, and the definition of φn it

follows that there exist c1, . . . , cn, d1, . . . , dn ∈ A such that

A ⊨ ψn(c1, . . . , cn, d1, . . . , dn, t
A
1 (a1, a2, a3), . . . , t

A
2n+1(a1, a2, a3), g

A(a1, a2, a3)).

Furthermore, the assumption that t1 = t2 ensures that tA1 (a1, a2, a3) = tA2 (a1, a2, a3). There-

fore, it only remains to show that d1 is invertible. To this end, observe that equation (2) in

ψn and tA1 (a1, a2, a3) = tA2 (a1, a2, a3) imply tA1 (a1, a2, a3) = d1t
A
2 (a1, a2, a3) = d1t

A
1 (a1, a2, a3).

Consequently,

tA1 (a1, a2, a3) = dm1 t
A
1 (a1, a2, a3) for every m ∈ N.

Recall from (20) that A is subdirectly irreducible. Therefore, Theorem 2.6 yields that d1 is

either nilpotent or invertible. Suppose, with a view to contradiction, that d1 is m-nilpotent for

some m ∈ N. Together with the above display, this yields tA1 (a1, a2, a3) = dm1 t
A
1 (a1, a2, a3) =

dm1 . As d1 is m-nilpotent, we conclude that tA1 (a1, a2, a3) is a zero element for A. Together

with Proposition 2.1(i) and Claim 6.5, this implies tA1 (a1, a2, a3) = 0. Moreover, recall that

t1 ∈ {x1, x2, x3, 1} by Claim 6.7. Hence, tA1 (a1, a2, a3) ∈ {a1, a2, a3, 1}. Since a1, a2, a3 ∈
A− {0} by assumption and tA1 (a1, a2, a3) = 0, we deduce 0 = tA1 (a1, a2, a3) = 1. Therefore,

A is trivial, a contradiction with the assumption that it is subdirectly irreducible. Thus, we

conclude that d1 is invertible. ⊠

In view of Subclaim 6.9, we can apply Proposition 4.4 (in particular, its case (ii)), obtaining

that (24) holds for all a1, a2, a3 ∈ A−{0} letting s1 = t3 and si = ti+2 for 1 < i ⩽ 2n− 1. ⊠

In view of Claim 6.8, we have t1 ̸= t2 and t2 ̸= 1. Therefore, Claim 6.7 implies t2 ∈
{x1, x2, x3}. Moreover, by symmetry we may assume t2 = x1.

4 By (21) we know that

iAK,n(tA1 (⟨1, 0, 0⟩, ⟨0, 0, 0⟩, ⟨0, 0, 0⟩), . . . , tA2n+1(⟨1, 0, 0⟩, ⟨0, 0, 0⟩, ⟨0, 0, 0⟩))
= gA(⟨1, 0, 0⟩, ⟨0, 0, 0⟩, ⟨0, 0, 0⟩).

Recall that iK,n is defined by φn. Together with the above display and the definition of φn,

this yields the existence of some c1, . . . , cn, d1, . . . , dn ∈ A such that

A ⊨ ψn(c1, . . . , cn, d1, . . . , dn, t
A
1 (⟨1, 0, 0⟩, ⟨0, 0, 0⟩, ⟨0, 0, 0⟩), . . .

. . . , tA2n+1(⟨1, 0, 0⟩, ⟨0, 0, 0⟩, ⟨0, 0, 0⟩), gA(⟨1, 0, 0⟩, ⟨0, 0, 0⟩, ⟨0, 0, 0⟩)).

Consequently, the equation (2) in ψn ensures that

tA1 (⟨1, 0, 0⟩, ⟨0, 0, 0⟩, ⟨0, 0, 0⟩) = d1t
A
2 (⟨1, 0, 0⟩, ⟨0, 0, 0⟩, ⟨0, 0, 0⟩).

4The cases where t2 is x2 or x3 are handled analogously by changing the order of the arguments ⟨1, 0, 0⟩,
⟨0, 0, 0⟩, and ⟨0, 0, 0⟩ in the next proof in the natural way.
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Moreover, Claim 6.7 guarantees that t1 ∈ {x2, x3, 1} because t1 ̸= t2 = x1 by assumption.

Applying in succession the fact that ⟨0, 0, 0⟩ is the neutral element of A, t1 ∈ {x2, x3, 1}, the

above display, and t2 = x1, we obtain

1A = ⟨0, 0, 0⟩ = tA1 (⟨1, 0, 0⟩, ⟨0, 0, 0⟩, ⟨0, 0, 0⟩) = d1t
A
2 (⟨1, 0, 0⟩, ⟨0, 0, 0⟩, ⟨0, 0, 0⟩) = d1⟨1, 0, 0⟩.

Lastly, we have

1A = (1A)2 = d2⟨1, 0, 0⟩2 = d2 · 0 = 0,

where the first equality holds because 1A is the neutral element of A, the second holds by the

previous display, the third by the definition of B, and the fourth by Claim 6.5. Observe that

the above display implies that A is trivial, a contradiction with the fact that ⟨0, 0, 0⟩ ≠ 0 are

both elements of A. ⊠

Remark 6.10. Let K be a variety. We recall that a homomorphism f : A → B with A,B ∈ K

is a K-epimorphism when for every pair of homomorphisms g, h : B → C with C ∈ K,

g ◦ f = h ◦ f implies g = h

(see, e.g., [AHS06, Def. 7.39]). We say that K has

(i) the epimorphism surjectivity property when all K-epimorphisms are surjective;

(ii) the weak epimorphism surjectivity property when all K-epimorphisms between finitely

generated algebras are surjective (see, e.g., [HMT85, p. 259] and [CKM25a]).

Equivalently, K has the (resp. weak) epimorphism surjectivity property when for all (resp.

finitely generated) A ⩽ B ∈ K we have either A = B or dK(A,B) ̸= B. As their names

suggest, the strong epimorphism surjectivity property is stronger than the epimorphism

surjectivity property which, in turn, is stronger than the weak epimorphism surjectivity

property. However, the three properties are equivalent when K has the amalgamation property

(see, e.g., [BMR17, Thm. 1.3] and [CKM25b, Thm. 7.14]).

In view of Theorem 6.1, a variety of commutative monoids has the strong epimorphism

surjectivity property precisely when it is inverse. It is therefore natural to wonder whether

there exist noninverse varieties of commutative monoids with the (resp. weak) epimorphism

surjectivity property. In this remark, we provide an exhaustive answer to this question.

On the one hand, a variety of commutative monoids has the epimorphism surjectivity

property precisely when it is inverse, as we proceed to illustrate. Let K be a noninverse

variety of commutative monoids. By Theorem 2.11 we have C2 ⊆ K. In [Hig83, Exa. 2],

Higgins exhibited a pair of a commutative semigroups A and B satisfying x2 ≈ x3 such that

dCS(A,B) = B ̸= A. Adding a new element 1 that acts as a neutral element for both A and

B, we can turn them into a pair of monoids A1 ⩽ B1 ∈ C2 ⊆ K with A ≠ B. As A ⩽ A1
s

and B ⩽ B1
s , we have

B = dCS(A,B) ⊆ dCS(A1
s ,B

1
s ) = dCM(A1,B1), (25)

where the first step holds by assumption, the second by [CKM25b, Cor. 4.6(i)], and the third

by Proposition 3.8. Moreover, observe that 1 ∈ A1 ⊆ dCM(A1,B1). Together with (25), this

yields dCM(A1,B1) = B1 ̸= A1. Hence, K lacks the epimorphism surjectivity property, as

desired (the inverse varieties of commutative monoids have this property by Theorem 6.1).
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On the other hand, all proper subvarieties K of CM have the weak epimorphism surjectivity

property. For let A ⩽ B ∈ K be finitely generated. As every proper subvariety of CM is locally

finite (see, e.g., [SVV09, p. 23]), the commutative monoid A is finite. Consequently, either

A = B or dK(A,B) ̸= B by a result of Howie and Isbell (see [HI67, Thm. 3.2]).5 Hence, K

has the weak epimorphism surjectivity property, as desired. Notice that this property fails for

CM itself, as the commutative monoids N = ⟨N,+, 0⟩ and Z = ⟨Z,+, 0⟩ are finitely generated

and dCM(N,Z) = Z (the latter because inverses are preserved by monoid homomorphisms).

These observations are summarized in the table below, where “ES” stands for “epimorphism

surjectivity property”. ⊠

inverse subvarieties proper noninverse subvarieties CM

weak ES ✓ ✓ ×
ES ✓ × ×

strong ES ✓ × ×
Beth companion ✓ × ×
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[KMPT82] E. W. Kiss, L. Márki, P. Pröhle, and W. Tholen. Categorical algebraic properties. A compendium

on amalgamation, congruence extension, epimorphisms, residual smallness, and injectivity. Studia

Sci. Math. Hungar., 18(1):79–140, 1982.

[Mak99] L. L. Maksimova. Projective Beth properties in modal and superintuitionistic logics. Algebra Log.,

38(3):316–333, 379, 1999.

[Mal58] A. I. Mal’cev. On homomorphisms onto finite groups. Ivanov. Gos. Ped. Inst. Uc. Zap., 18:49–60,

1958. (Russian).

[ML98] S. Mac Lane. Categories for the working mathematician, volume 5 of Graduate Texts in Mathe-

matics. Springer-Verlag, New York, second edition, 1998.

[Mor18] T. Moraschini. A logical and algebraic characterization of adjunctions between generalized

quasi-varieties. J. Symb. Log., 83(3):899–919, 2018.

[Rap75] R. Raphael. Some remarks on regular and strongly regular rings. Canad. Math. Bull., 17(5):709–

712, 1974/75.

[SVV09] L. N. Shevrin, B. M. Vernikov, and M. V. Volkov. Lattices of semigroup varieties. Izv. Vyssh.

Uchebn. Zaved. Mat., (3):3–36, 2009.

https://arxiv.org/abs/2512.14326v1

	1. Introduction
	Implicit operations
	Interpolation and epimorphisms
	The main result
	Isbell's Zigzag Theorem

	2. Commutative monoids
	2.1. Basic concepts
	2.2. Varieties
	2.3. Subdirect irreducibility
	2.4. Inverse monoids

	3. Isbell's Zigzag Theorem
	4. Isbell's formulas
	5. Extendable implicit operations
	6. Beth companions
	Acknowledgments

	References

