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ABSTRACT. A bi-Heyting algebra validates the Godel-Dummett axiom (p — ¢q) V (g — p) iff
the poset of its prime filters is a disjoint union of co-trees (i.e., order duals of trees). Bi-Heyting
algebras of this kind are called bi-Godel algebras and form a variety that algebraizes the extension
bi-GD of bi-intuitionistic logic axiomatized by the Godel-Dummett axiom. In this paper we initiate
the study of the lattice A(bi-GD) of extensions of bi-GD.

We develop the methods of Jankov-style formulas for bi-Godel algebras and use them to prove
that there are exactly continuum many extensions of bi-GD. We also show that all these extensions
can be uniformly axiomatized by canonical formulas. Our main result is a characterization of
the locally tabular extensions of bi-GD. We introduce a sequence of co-trees, called the finite
combs, and show that a logic in A(bi-GD) is locally tabular iff it contains at least one of the Jankov
formulas associated with the finite combs. It follows that there exists the greatest nonlocally
tabular extension of bi-GD and consequently, a unique pre-locally tabular extension of bi-GD.
These results contrast with the case of the intermediate logic axiomatized by the Godel-Dummett
axiom, which is known to have only countably many extensions, all of which are locally tabular.

1. INTRODUCTION

Bi-intuitionistic logic bi-IPC is the conservative extension of intuitionistic logic IPC obtained
by adding a new binary connective < to the language, called the co-implication (or exclusion, or
subtraction), which is dual to —. Thus, bi-IPC enjoys a symmetry that IPC lacks (each connective
A, —, L, hasits dual V, <, T, respectively).

The Kripke semantics of bi-IPC [53] provides a transparent interpretation of co-implication:
given a Kripke model 9, a point x in 9, and formulas ¢, i, we define

Mx=p— ¢ < Jy<x(MyE=pand M,y [~ ).

This new connective gives bi-IPC significantly greater expressivity than IPC. For instance, if the
points of a Kripke frame are interpreted as states in time, the language of bi-IPC is expressive
enough to reason about the past, something that is not possible in IPC. With this example in
mind, Wolter [59] extended Godel’s embedding of IPC into S4 to an embedding of bi-IPC into
tense-S4. In particular, he proved a version of the Blok-Esakia Theorem [11, 26] stating that
the lattice A(bi-IPC) of bi-intermediate logics (i.e., consistent axiomatic extensions” of bi-IPC) is
isomorphic to that of consistent normal tense logics containing Grz.t (see also [16, 57]).

The greater symmetry of bi-IPC compared to IPC is reflected in the fact that bi-IPC is alge-
braized in the sense of [13] by the variety bi-HA of bi-Heyting algebras [52], i.e., Heyting algebras
whose order duals are also Heyting algebras. As a consequence, the lattice A(bi-IPC) is dually
isomorphic to that of nontrivial varieties of bi-Heyting algebras. The latter, in turn, is amenable
to the methods of universal algebra and duality theory since the category of bi-Heyting algebras
is dually equivalent to that of bi-Esakia spaces [25], see also [7].

The theory of bi-Heyting algebras was developed in a series of papers by Rauszer and
others motivated by the connection with bi-intuitionistic logic (see, e.g., [2, 41, 51, 52, 53, 55]).
However, bi-Heyting algebras also arise naturally in other fields of research such as topos theory
[46, 47, 54]. Furthermore, the lattice of open sets of an Alexandrov space is always a bi-Heyting
algebra, and so is the lattice of subgraphs of an arbitrary graph (see, e.g., [58]). Similarly, every
quantum system can be associated with a complete bi-Heyting algebra [20].

The lattice A(IPC) of intermediate logics (i.e., consistent extensions of IPC) has been thoroughly
investigated (see, e.g., [17]). On the other hand, the lattice A(bi-IPC) of bi-intermediate logics

“From now on we will use extension as a synonym of axiomatic extension.
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lacks such an in-depth analysis, but for some recent developments see, e.g., [1, 10, 31, 32, 56]. In
this paper we contribute to filling this gap by studying a simpler, yet nontrivial, sublattice of
A(bi-IPC): the lattice of consistent extensions of the bi-intuitionistic Gidel-Dummett logic

bi-GD := bi-IPC+(p — q) V (9 = p).

The choice of bi-GD as a case study was motivated by some of its properties that make it
an interesting logic on its own. Firstly, bi-GD is the bi-intermediate logic of co-trees (i.e., order
duals of trees), that is, it is complete in the sense of Kripke semantics with respect to the class of
co-trees. Furthermore, because of the symmetric nature of bi-intuitionistic logic, our results on
extensions of bi-GD can be rephrased in a straightforward manner as results on the extensions
of the bi-intermediate logic of trees

bi-IPC+ —[(q + p) A (p + q)]

by replacing in what follows every formula ¢ by its dual —~¢°, where ¢ is the formula obtained
from ¢ by replacing each occurrence of A, V,x — B,a <= B, L, Tby V,A\, B+, = a, T,L
respectively, and every algebra or Kripke frame by its order dual. We chose to study bi-GD in-
stead of its dual to be coherent with and build upon the extensive literature on the (intuitionistic)
Godel-Dummett logic
LC:=IPC+(p—=q) V(g —p),

also known as the intuitionistic linear calculus (see, e.g., [21, 30, 33, 34]).

Secondly, the properties of bi-GD and its extensions diverge significantly from those of their
intuitionistic fragments. For instance, the bi-intermediate logic of chains (i.e., linearly ordered
posets), or the bi-intuitionistic linear calculus

bi-LC := bi-IPC+(p = q) V(g = p) + =[(g < p) A (p < q)],

is a proper extension of bi-GD, as shown in Theorem 3.10 (see also Theorem 4.25 for a different
axiomatization of bi-LC). This contrasts with the intuitionistic case, where LC is both the inter-
mediate logic of chains and of co-trees [33], and suggests that the language of bi-IPC is more
appropriate to study tree-like structures than that of IPC. Moreover, we show in Theorem 4.16
that the lattice A(bi-GD) of consistent extensions of bi-GD is not a chain and has the cardinality
of the continuum, whereas the lattice A(LC) of consistent extensions of LC is known to be a
chain of order type (w + 1)? (see, e.g., [17]). Finally, while it is a well-known fact that LC is
locally tabular [34], it is an immediate consequence of Corollary 5.31 that bi-GD is not.

Thirdly, extensions of bi-GD admit a form of a classical reductio ad absurdum (Theorem 4.1).
Recall that a deductive system I~ is said to have a classical inconsistency lemma if, for every
nonnegative integer n, there exists a finite set of formulas ¥, (p1, ..., p») which satisfies the
equivalence

TUY,(@1,...,¢n)isinconsistentin - <= T+ {¢1,...,¢n}, (1)

for all sets of formulas I' U {¢1,..., 9.} [50] (see also [15, 45, 44]). As expected, the only
intermediate logic having a classical inconsistency lemma is CPC (with ¥, (p1,...,pn) =
{=(p1 A\ --- Apn)}). This contrasts with the case of bi-intermediate logics, where every member
of A(bi-GD) has a classical inconsistency lemma witnessed by

Y= {~=~(pr1 A Apn)}

(here, ~¢ and ~¢ are shorthands for ¢ — L and T <« ¢, respectively). Accordingly, logics in
A(bi-GD) exhibit a certain balance between the classical and intuitionistic behavior of negation
connectives.

The main contributions of the paper can be summarized as follows. In order to classify
extensions of bi-GD, we develop theories of Jankov, subframe and canonical formulas for them.
We then employ Jankov formulas to obtain a characterization of splittings in A(bi-GD) and
to show that this lattice has the cardinality of the continuum (Theorems 4.11 and 4.16), cf.
[8]. Moreover, we show that canonical formulas provide a uniform axiomatization for all the
extensions of bi-GD (Theorem 4.7). Lastly, subframe formulas can be used to describe the fine
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structure of co-trees, by governing the embeddability of finite co-trees into arbitrary co-forests
(Lemma 4.23).

By combining the defining properties of subframe and Jankov formulas, we establish the
main result of this paper: a characterization of locally tabular extensions of bi-GD (Theorem 5.1).
More precisely, we show that an extension L of bi-GD is locally tabular iff L contains at least
one of the Jankov formulas associated with finite combs (a particular class of co-trees defined in
Figure 5). It follows that the logic of finite combs is the greatest nonlocally tabular extension of
bi-GD. Recall that a logic is called pre-locally tabular if it is not locally tabular, but all of its proper
extensions are. It is a consequence of our main result that the logic of finite combs is the only
pre-locally tabular extension of bi-GD (Corollary 5.31), and that bi-GD is not locally tabular.

2. PRELIMINARIES

In this section, we review the basic concepts and results that we will need throughout this
paper. For a deeper study of bi-IPC and bi-Heyting algebras, see, e.g., [43, 51, 52, 53, 58]. As a
main source for universal algebra we use [3, 14]. Henceforth, | X| denotes the cardinality of a set
X, w denotes the set of nonnegative integers, Z* the set of positive integers, and given n € w,
the notation i < n will always mean eitheri € {0,...,n} ori € {1,...,n}, depending on the
context.

2.1. Bi-intuitionistic propositional logic. Given a formula ¢, we write =¢ and ~¢ as a short-
hand for ¢ — L and T < ¢. The bi-intuitionistic propositional calculus bi-IPC is the least set of
formulas in the language A, V, —, <=, L, T, built up from a denumerable set Prop of variables,
that contains IPC and the eight axioms below, and which is moreover closed under modus
ponens, uniform substitutions, and the double negation rule “from ¢ infer - ~¢”.

Lp—(qV(p9q), 5 (p—=(@<9q)—n
2. (p<q) = ~(p—9q), 6. —p = (p— (9 < 9),
3. ((pq) 1) = (pqVr), 7. ((p—p)«q) = ~q,
4. 2(pq) = (p—q), 8. ~q— ((p—p)+q),

It turns out that bi-IPC is a conservative extension of IPC. Furthermore, we may identify the
classical propositional calculus CPC with the proper extension of bi-IPC obtained by adding the
law of excluded middle p V =p. Notably, in CPC the co-implication <« is term-definable by the
other connectives, since (p < q) <+ (p A ~q) € CPC. Consequently, the double negation rule
becomes superfluous, as it translates to “from ¢ infer ¢”.

A set of formulas L closed under the three inference rules listed above is called a super-bi-
intuitionistic logic if it contains bi-IPC. Given a formula ¢ and a super-bi-intuitionistic logic L,
we say that ¢ is a theorem of L, denoted by L I~ ¢, if ¢ € L. Otherwise, write L ¥ ¢. We call L
consistent if L ¥ | and inconsistent otherwise. Given another super-bi-intuitionistic logic L', we
say that L’ is an extension of L if L C L’. Consistent extensions of bi-IPC are called bi-intermediate
logics, and it can be shown that a super-bi-intuitionistic logic L is a bi-intermediate logic iff
bi-IPC C L C CPC. Finally, given a set of formulas X, we denote by L + X the least (with respect
to inclusion) bi-intuitionistic logic containing L U X. If X is a singleton {¢}, we simply write
L + ¢. Given another formula i, we say that ¢ and ¢ are L-equivalent if L - ¢ <> 1.

2.2. Varieties of algebras. We denote by H, S, I, IP, and [P, the class operators of closure under
homomorphic images, subalgebras, isomorphic copies, direct products, and ultraproducts,
respectively. A variety V is a class of (similar) algebras closed under homomorphic images,
subalgebras, and (direct) products. By Birkhoff’s Theorem, varieties coincide with classes of
algebras that can be axiomatized by sets of equations (see, e.g., [14, Thm. I1.11.9]). The smallest
variety V(K) containing a class K of algebras is called the variety generated by K and coincides
with HSPP(K). If K = {A}, we simply write V(A).

Given an algebra A, we denote by Con(A) its congruence lattice. An algebra A is said to be
subdirectly irreducible, or SI for short, (resp. simple) if Con(A) has a second least element (resp.
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has exactly two elements: the identity relation Id4 and the total relation A%). Consequently,
every simple algebra is subdirectly irreducible.

Given a class K of algebras, we denote by K<, Kg;, and K§I“’ the classes of finite members of
K, SI members of K, and SI members of K which are finite, respectively. In view of the Subdirect
Decomposition Theorem, if K is a variety, then K = V(Kgj) (see, e.g., [14, Thm. I1.8.6]).

Definition 2.1. A variety V is said to:

(i) be semi-simple if its SI members are simple;
(ii) be locally finite if its finitely generated members are finite;
(iii) have the finite model property (FMP for short) if it is generated by its finite members;
(iv) be congruence distributive if every member of V has a distributive lattice of congruences;
(v) have equationally definable principal congruences (EDPC for short) if there exists a conjunction
d(x,y,z,v) of finitely many equations such that for every A € Vand alla,b,c,d € A,

(c,d) € @*(a,b) <= A |=®(a,b,c,d),

where @A(a, b) is the least congruence of A that identifies a and b;
(vi) be a discriminator variety if there exists a discriminator term t(x,y,z) for V, i.e., a ternary
term such that for every A € Vgrand alla,b,c € A, we have

¢ ifa=1y,
th(a,b,c) = {a ifa#b

The next result collects some of the relations between these properties.

Proposition 2.2. If V is a variety and K a class of algebras, then the following conditions hold:

(i) if V is locally finite, then its subvarieties have the FMP;

(i) V has the EMP iff V = V(V5©);
(iii) if V has EDPC, then V is congruence distributive and HS(K) = SH(K) forall K C V;
(iv) (Jénsson’s Lemma) if V(K) is congruence distributive, then V(K)g; C HSP, (K);
(v) if V is discriminator, then it is semi-simple and it has EDPC.

Proof. Condition (i) holds because every variety is generated by its finitely generated members
(see, e.g., [3, Thm. 4.4]), while condition (ii) is an immediate consequence of the definition of the
FMP together with the Subdirect Decomposition Theorem. The first part of condition (iii) was
established in [38] and the second in [19]. For condition (iv), see, e.g., [14, Thm. V1.6.8]. Lastly,
for the first part of condition (v) see, e.g., [14, Lem. IV.9.2(b)] and for the second [12, Exa. 6 p.
200]. O

The following result provides a useful description of locally finite varieties of finite type (for
a proof, see [4]).

Theorem 2.3. A variety V of a finite type is locally finite iff
Vm € w,3k(m) € w,VA € Vg; (A is m-generated —> |A| < k(m)).

2.3. Bi-Heyting algebras. A poset is a pair X = (X, <), where X is a set and < a partial order.
Given a subset U of a poset X, we let max(U) be the set the maximal elements of U viewed as
a subposet of X, and if U has a maximum (i.e., a greatest element), we denote it by MAX(U).
Similarly, we define min(U) and MIN(U). We denote the upset generated by U by

MU={xeX:Fuel (ux)},

and if U = TU, then U is called an upset. If U = {u}, we simply write Tu and call it a principal
upset. We define the downsets of X and the | operator in a similar way. A set that is both an
upset and a downset is an updownset. We denote the set of upsets of X by Up(X'), of downsets
by Do(X'), and of updownsets by UpDo(X'). We will always use the convention that the “arrow
operators” defined above bind stronger than other set theoretic operations. For example, the
expressions TU \ V and U NV are to be read as (1U) \ V and ({U) NV, respectively. Given
two distinct points x,y € X, if x < y and no point of X lies between them (i.e.,if x <z <y
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implies either x = z or y = z, for every z € X), we call x an immediate predecessor of y, call y an
immediate successor of x, and denote this by x < y.

Definition 2.4. Let A be an algebra whose (A, V,0,1)-reduct is a bounded distributive lattice
and consider the following equations:

i x—=>x~1, (V) x +—x=0,

() xAN(x = y)=xAy, (vi) xV(y < x) = xVy,

(iii) y A (x = y) = v, (vii) y V (y <= x) = ,

iv) x > (yNz) = (x = y) A(x — 2), (viii) (yVz) <+ x=(y <+ x)V(z < x).

IfA=(A A V,—,01)and A validates the equations (i)-(iv), we call it a Heyting algebra and
use the abbreviation —a := a — 0, for each a € A.

If A= (A AV, <,0,1)and A validates the equations (v)-(viii), we call it a co-Heyting algebra
and use the abbreviation ~a := 1 < a, for each a € A.

Finally, if A = (A,A,V,—,<,0,1) and A validates the equations (i)-(viii), we call it a
bi-Heyting algebra. We denote the class of bi-Heyting algebras by bi-HA.

Remark 2.5. We can think of bi-Heyting algebras as symmetric Heyting algebras, in the sense
that they are Heyting algebras whose order duals are also Heyting algebras. In other words,
Heyting algebras that can also be viewed as co-Heyting algebras. We note that in a bi-Heyting
algebra A, for every a,b,c € A, the elementsa — b,a <— b € A satisfy the residuation laws:

(c<a—b < aAc<b)and (a+b<c < a<bVe).

Furthermore, since the class of bounded distributive lattices is a variety, it follows immediately
from Birkhoff’s Theorem that the three classes of algebras defined above are also varieties.

Next we list some useful properties of bi-Heyting algebras which follow easily from the
definition of these structures (for a proof, see, e.g., [43]).

Proposition 2.6. If A € bi-HAand a,b,c € A, then:

l.a—b=V{de A:and < b}, 5.0+ b=AN{decA:a<dVb},
2.a—-b=1 < a<hb, 6.0+ b=0 <<= a<h,

3. a=1 < a=0, 7. ~a=0 < a=1,

4. aN—-a=0, 8. aVr~a=1.

Example 2.7. Here we present some standard examples of bi-Heyting algebras.

(i) Every finite Heyting algebra A can be viewed as a bi-Heyting algebra, simply by defining
a<b:=N\{de A:a<dVb}. Since this is a meet of finitely many elements, the operation
< is well defined on A, and it can be easily shown that it satisfies the dual residuation law
presented in Remark 2.5.

(ii) Every Boolean algebra A can be viewed as a bi-Heyting algebra, by defining the co-
implication as a <= b := a A —b.

(iii) If X is a poset, then (Up(X'),N, U, —, <, D, X) is a bi-Heyting algebra, whose implications
are defined by

U=V =X~lUNV)and U<+ V:=1U\V).

A valuation on a bi-Heyting algebra A is a bi-Heyting homomorphism v: Fm — A, where
Fm denotes the algebra of formulas of the language of bi-IPC. Clearly, any map v: Prop — A
(where Prop denotes the denumerable set of propositional variables of our language) can be
extended uniquely to a valuation on A, hence we also call such maps valuations on A. We say
that a formula ¢ is valid on A, denoted by A |= ¢, if v(¢) = 1 for all valuations v on A. On the
other hand, if v(¢) # 1 for some valuation v on A, we say that A refutes ¢ (via v), and write
A [~ ¢. If Kis a class of bi-Heyting algebras such that A |= ¢ for all A € K, we write K = ¢.
Otherwise, write K [~ ¢.
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Using the well-known Lindenbaum-Tarski construction (see, e.g., [17, 29]) we obtain the
following equivalence: bi-IPC F ¢ iff bi-HA |= ¢. This phenomenon, known as the algebraic
completeness of bi-IPC, can be extended to all other super-bi-intuitionistic logics. Let L be
such a logic, and denote the variety of L by V| := {A € bi-HA: A |= L}. On the other hand,
given a subvariety V C bi-HA, we denote its logic by Ly := Log(V) = {¢ € Fm: V = ¢}.
Again using the standard Lindenbaum-Tarski construction, it can be shown that L is sound and
complete with respect to Vy, i.e., for all formulas ¢, we have L - ¢ iff Vi = ¢. It follows that
this correspondence between extensions of bi-IPC and subvarieties of bi-Heyting algebras is
one-to-one, and therefore the following theorem can now be easily proved.

Theorem 2.8. If L is a super-bi-intuitionistic logic, then the lattice of extensions of L is dually isomorphic
to the lattice of subvarieties of V. Equivalently, if V is a variety of bi-Heyting algebras, then the lattice
of subvarieties of V is dually isomorphic to the lattice of extensions of Ly.

2.4. Bi-Esakia spaces. Given an ordered topological space X', we denote its set of: open sets
by Op(X), closed sets by CI(X), clopen sets by Clop(X'), clopen upsets by ClopUp(X), and
closed updownsets by CIUpDo(X).

Definition 2.9. Let X = (X, <) and Y = (Y, <) be posets, f: X — Y a map between them, and
consider the following conditions:

(i) Order preserving:Vx,z € X (x <z = f(x) < f(2));
(ii) Up:Vx e X,Vy € Y (f(x) <y = e tx (f(z) =v));
(iii) Down:Vx € X,Vy € Y (y < f(x) = Fz € lx (f(z) =v)).
When f is order preserving, we call it: a p-morphism if it satisfies the up condition, a co-p-
morphism if it satisfies the down condition, and a bi-p-morphism if it satisfies both the up and
down conditions. In all three cases, we use the notation f: X — .
If f: X — Y is asurjective bi-p-morphism (or p-morphism, or co-p-morphism), then we say
that Y is a bi-p-morphic image (or p-morphic image, or co-p-morphic image, respectively) of X' (via
f), and denote thisby f: X — ).

Proposition 2.10. If f: X — Y is a bi-p-morphism, then the following conditions hold:
1) f[tx] =1f(x)and f[lx] = Lf(x), for every x € X;
(i) f[max(X)] C max(Y)and f[min(X)] C min(Y);
(i) if both MAX(X) and MAX(Y) exist, then f(MAX(X)) = MAX(Y) and f is necessarily
surjective.

Proof. Condition (i) follows immediately from the definition of bi-p-morphisms, while the other
two are direct consequences of (i). |

Definition 2.11. Let X = (X, 7, <) be an ordered topological space and consider the following
conditions:

(i) (X, 1) is compact;

(ii) Priestley separation axiom (PSA for short)™:

Vyx,ye X (x £y = 3V € ClopUp(X) (x € Vandy ¢ V));

(iii) VU € Clop(X) (U € Clop(X));
(iv) YU € Clop(X) (1U € Clop(X)).

We call X: an Esakia space if it satisfies conditions (i)-(iii); a co-Esakia space if it satisfies
conditions (i), (ii), and (iv); and a bi-Esakia space if it satisfies conditions (i)-(iv).

A map f: X — Y is a bi-Esakia morphism (or an Esakia morphism, or a co-Esakia morphism),
denoted by f: X — ), if it is a continuous bi-p-morphism (or p-morphism, or co-p-morphism,
respectively) between bi-Esakia spaces (or Esakia spaces, or co-Esakia spaces, respectively).
When f is surjective, we call Y a bi-Esakia image (or Esakia image, or co-Esakia image, respectively)

Given V as in the display below, we will often say that V separates x from y.



BIINTERMEDIATE LOGICS OF TREES AND CO-TREES 7

and denote this by f: X — ). If f is moreover bijective, then X and Y are said to be isomorphic,
denoted by X = ).
Finally, when U and V are subsets of X, we define:

U—=V=X~lU\NV)={xeX:txnUCV},
U V=tU~V)={xeX: lxnUZV},
SU:=U—0=X~ /U,
~U =X+ U=71X~U).

If X is an Esakia space (resp. co-Esakia space), then — (resp. <) is a well-defined binary
operation on ClopUp(X).

Before we present some equivalent conditions to the definition of bi-Esakia spaces, we recall
that a topological space X is a Stone space if it is 0-dimensional (i.e., it has a basis of clopen sets),
compact, and Hausdorff. We recall as well that when X is an ordered topological space, its
order relation < is said to be point closed when 1x is a closed set, for each x € X.

Theorem 2.12. If X = (X, T, <) is an ordered topological space, then the following conditions are
equivalent:
(i) X isa bi-Esakia space;
(ii) X isa Stone space and for each subset U C X, if U is closed then both | U and tU are closed, and
if U is open then both U and T'U are open;
(iif) X is a Stone space, < is point closed, and for each clopen set U C X, both |[U and TU are clopen;
(iv) X is a compact space that satisfies the PSA and for each open set U C X, both |U and 11U are
open.

Proof. | (i) = (ii) | Suppose that X is a bi-Esakia space. Since, by definition, bi-Esakia spaces
are always Esakia spaces, it follows from [27, Thm. 3.1.2] that X is a Stone space in which the
downset generated by each closed (resp. open) subset is again closed (resp. open). Furthermore,
the aforementioned result also ensures that in an Esakia space, the upset generated by each
closed subset is closed as well. Thus, it only remains to show that if U C X is open, then
TU is an open set. Accordingly, suppose that y < x, for some y € U. As U is open and X
0-dimensional, the set U contains a clopen neighbourhood V of y. By the definition of bi-Esakia
spaces, TV is also a clopen set. It now follows that 1V is a clopen neighbourhood of x (since
y < xand y € V), which is moreover contained in TU. So U is indeed open.

(ii) = (iii) | It suffices to prove point closedness. To this end, consider x € X. As Stone
spaces are Hausdorff, the singleton {x} is closed. Therefore, Tx is closed by assumption.

(iii) = (iv) | We assume that X satisfies (iii). In particular, that X is a Stone space, hence
compact by definition. It is moreover 0-dimensional. Consequently, every open subset U C X
can be written as a union [ J;c; V; of clopen sets. Again using our assumption, both |V; and 1V;
are also clopen, for each i € I. Since the equalities |U = U;c; Vi and TU = U;c; 1V; clearly
hold true, we conclude that both [U and 1U are open.

Next we show that X satisfies the PSA. To this end, suppose that x,y € X are such that x £ y.
Since, by assumption, < is point closed, we know that Tx is a closed upset that contains x but
omits y. Thus, X \ Tx is an open downset that separates y from x. As previously mentioned,
X is a 0-dimensional space, so there exists a clopen neighbourhood V of y contained in X \ 1x.
Furthermore, |V must be clopen by assumption, and it is clear that |V is a subset of the downset
X\ Tx. Since the latter set omits x, so does |V, and we conclude that X \ |V is a clopen upset
that separates x from y, as desired.

(iv) == (i) | Using our definition of bi-Esakia spaces 2.11, it is clear that to establish this
implication it suffices to show that if X satisfies (iv), then both U and U are closed, for each
clopen subset U C X. Accordingly, we suppose that U is a clopen set satisfying x ¢ |U, for
some x € X, and show that x has an open neighbourhood disjoint from |U. By the PSA, there
exists a clopen downset V; that separates z from x, for each z € U. It follows that {V. }.cy is
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an open cover of the closed set U, and whose union omits x. Because we assumed that X is
compact, this yields U C UiL; Vz, € X \ {x}, for some z1,...,z, € U. As JiL; V4, is a finite
union of clopen downsets, it is also a clopen downset, so it must also contain |U. Therefore,
X\ (UL V%) is a clopen neighbourhood of x which is disjoint from | U, as desired.

The proof that TU is closed for each clopen set U C X is analogous hence we omit it. O

Example 2.13. Every finite poset can be viewed as a bi-Esakia space, when equipped with the
discrete topology. In fact, since bi-Esakia spaces are Hausdorff, this is the only way to view a
finite poset as a bi-Esakia space. Furthermore, since maps between spaces equipped with the
discrete topology are always continuous, it follows that every bi-p-morphism between finite
posets can be regarded as a bi-Esakia morphism.

The next result collects some useful properties of bi-Esakia spaces.

Proposition 2.14. The following conditions hold for a bi-Esakia space X :
(i) if x € X, then there are y € min(X) and z € max(X) satisfying y < x < z;
(i) -~U = {x € X: [tx C U}, foreach U € ClopUp(X).

Proof. Condition (i) is a well-known result for Esakia spaces (see, e.g., [27, Thm. 3.2.1]), hence
we will only provide here a proof for (ii). Let U € ClopUp(X'). By spelling out the definition of
- ~U, we have

U =XNPXNU) ={reX:WeX (TzeX U<y = x£Ly)}

Suppose that x € = ~U and let u € [ tx. So, there must exist a y € Tx satisfying u < y. By the
above display, x € - ~U and x < y entail z £ y, for every z € X \ U. As u < y, it now follows
that u € U. This shows |Tx C U, and we have proved - ~U C {x € X: [tx C U}.

To prove the reverse inclusion, suppose [ tx C U, for some x € X. Let y € X be such that
there exists az € (X~ U) Nly. If x < y, then we would have z € [tx C U, a contradiction.
Thus x £ y, and we conclude x € — ~U, again by the above display. g

The celebrated Esakia duality restricts to a duality between the category of bi-Heyting
algebras and bi-Heyting homomorphisms, and that of bi-Esakia spaces and bi-Esakia morphisms
[25] (for a proof, see [43]). Here, we will just recall the contravariant functors which establish
this duality. Given a bi-Heyting algebra A, we denote its bi-Esakia dual by A, = (A, T,C),
where A, is the set of prime filters of A and 7 is the topology generated by the subbasis

{p(a):ac A} U{A.~¢p(a):a e A},
where ¢(a) := {F € A,:a € F}. Notably, we have that ClopUp(A,) = {¢(a): a € A}.
Furthermore, if f: A — B is a bi-Heyting homomorphism, then its dual is the restricted inverse
image map f. == f![—]: B, — A..

Conversely, if X is a bi-Esakia space then we denote its bi-Heyting (or algebraic) dual by
X* = (ClopUp(X),N, U, =, +,D,X),and if f: X — ) is a bi-Esakia morphism, then its dual
is the restricted inverse image map f* = f~![—]: V* — X*. We note that A and (A.)* are
isomorphic as bi-Heyting algebras, while X’ and (X*), are isomorphic as bi-Esakia spaces.

Next we define the three standard methods of generating new bi-Esakia spaces from old ones.
Let X = (X,7,R), Y = (Y, m,S), &1 = (X3,7,R1),..., ¥ = (Xu, T, Ry) be bi-Esakia spaces.
We say that:

(i) Y is a bi-generated subframe of X if Y € ClUpDo(X), m is the subspace topology, and

S=Y2NR;

(ii) Y is a bi-Esakia (morphic) image of X, denoted by X — ), if there exists a surjective
bi-Esakia morphism from X onto );

(ili)) X = Wi, A is the disjoint union of the collection {X,..., X,} if (X, R) is the disjoint
union ¥} ; (X;, R;) of the various posets and (X, 7) is the topological sum of the (X;, ;).

As is the case with the analogous notions for Esakia spaces, the above definitions can be
translated (using the bi-Esakia duality) into the terminology of bi-Heyting algebras (for a proof,
see [43]).
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Proposition 2.15. Let {A,B} U {Ay,..., Ay} and {Xy,..., X, } be finite sets of bi-Heyting algebras
and bi-Esakia spaces, respectively. The following conditions hold:
(i) B is a homomorphic image of A iff B, is (isomorphic to) a bi-generated subframe of A;
(ii) B is (isomorphic to) a subalgebra of A iff B, is a bi-Esakia image of A.;
(iii) (TTitq Ai)v = Wiy Ajyand (Wi, X)) = [T &)

Let X be a bi-Esakia space. A valuation V on ClopUp(X) is also called a valuation on X, and
the pair M = (X, V) a bi-Esakia model (on X). If x € X and ¢ is a formula, we say that ¢ is (or
holds) true in x when x € V(¢), and write M1, x |= ¢. Moreover, we say that X" validates ¢, or that
¢ is valid in X, when V'(¢) = X, for all valuations V' on X (in other words, when X* |= ¢).
Otherwise, write X' [= ¢ and say that X" refutes ¢. Since the validity of a formula is preserved
under taking homomorphic images, subalgebras, and direct products of bi-Heyting algebras, it
follows from the previous proposition that the validity of a formula is preserved under taking
bi-generated subframes, bi-Esakia images, and finite disjoint unions of bi-Esakia spaces.

Finally, we present the Coloring Theorem, a result that provides a characterization of the
finitely generated bi-Heyting algebras using properties of their bi-Esakia duals. To this end, we
first need to recall the notions of bi-E-partitions and colorings on bi-Esakia spaces.

Definition 2.16. Let X’ be a bi-Esakia space and E an equivalence relation on X. We say that E
is a bi-E-partition of X if it satisfies the following conditions:

e Up:Vx,y,w e X (xEyand w € ty = Jv € Tx (vEw));

* Down: Vx,y,w € X (xEyandw € ly = Jv € |x (vEw));

* Refined:Vx,y € X (—(xEy) = 3U € ClopUp(X) (E[U] = U and |UN{x,y}| =1)).

A subset U of X satisfying E[U] = U is called E-saturated. Using this terminology, the last
condition above can be rephrased as “any two non-E-equivalent elements of X" are separated
by an E-saturated clopen upset”. We call a bi-E-partition E of X trivial if E = X2, and proper
otherwise.

It is well known that the E-partitions of an Esakia space X (i.e., equivalence relations that
are only required to satisfy the up and refined conditions defined above) are in a one-to-one
correspondence with the Esakia images of X" (for a proof, see, e.g., [27, Lem. 3.4.11]). This
correspondence, which will be used without further reference in the next proof, can be easily
extended to the setting of bi-Esakia spaces.

Proposition 2.17. There is a one-to-one correspondence between the bi-E-partitions of a bi-Esakia space
and its bi-Esakia images (modulo isomorphism,).

Proof. Let X be a bi-Esakia space and E a bi-E-partition of X'. Consider the quotient space
X /E = (X/E, g, <), where T is the topology generated by the subbasis

S :={U/E: Uis an E-saturated clopen of X'},

and < is the induced order (i.e., x/E < y/E iff ¥’ <y’ for some x’ € E(x) and y’ € E(y)). Itis
routine to check that Clop(X /E) = S.

Let us show that X'/ E is a bi-Esakia space. Since, by definition, every bi-E-partition of X’ is
also an E-partition, we know that X'/ E is an Esakia space. Therefore, we only need to prove that
in X/ E, upsets generated by clopen sets are also clopen. To this end, let U be an E-saturated
clopen set of X. We show that not only is TU also E-saturated, but that (1U)/E = 1(U/E).
Since & is a bi-Esakia space, TU must be clopen, thus the previous conditions will entail that
T(U/E) is a clopen set of X'/ E, by our definition of S.

Let y € E[tU], so there are x’ € U and y’ € X such that x’ < y'Ey. By the down condition
of E, there is x € E(x’) such that x < y. But U is E-saturated by assumption, hence x € U,
and y € TU now follows. This shows E[tU]| C tU. As the inclusion TU C E[tU] is trivial,
the set TU must be E-saturated. Because of this, it is easy to see that (1U)/E C 1(U/E). To
prove the reverse inclusion, consider y/E € 1(U/E), so there exists x/E € U/E satisfying
x/E < y/E. By our definition of X' /E, we have x’ < i/ for some x’ € E(X) and i’ € E(y). Since
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U is E-saturated, we have x’ € U. This forces y’ € 11U, which in turn yields y/E € (TU)/E. We
can now conclude that 1(U/E) = (TU)/E is a clopen set of X'/ E, as desired.

Finally, using the down condition of E, we can easily show that the quotient map f: X —
X /E (which is known to be a surjective Esakia morphism) satisfies the homonymous condition
of bi-p-morphisms. Thus, X'/ E is indeed a bi-Esakia image of X

Next we show that every bi-Esakia image of X’ gives rise to a bi-E-partition. Consider a
surjective bi-Esakia morphism f: X — ). We know that the equivalence relation E := {(x,y) €
X2: f(x) = f(y)} is an E-partition of X'. Using the down condition of f, it is easily verified that
E is a bi-E-partition. It is routine to check that this correspondence is one to one. g

Remark 2.18. In view of Propositions 2.15 and 2.17, the bi-E-partitions of a bi-Esakia space
correspond to the isomorphic copies of subalgebras of X.. We sketch this correspondence. If E
is a bi-E-partition of X, then the bi-Heyting algebra with universe {U/E: U is an E-saturated
clopen upset of X'} embeds into X. Conversely, if B is a subalgebra of X, then the relation Eg
on X defined by

xEgyiff xNB=yNB

is a bi-E-partition of X.

Let X be a bi-Esakia space and pj, ..., p, a finite number of fixed distinct propositional
variables. Given amap c¢: {p1,...,pn} — ClopUp(X), we associate to each point x € X the
sequence col(x) := (iy,...,1i,) defined by

, 1 ifx ec(py),
I = .
0 ifx ¢ c(px),

fork € {1,...,n}. We call col (x) the color of x (relative to py, ..., pn), the map c an n-coloring of
X, and the pair (X, ¢) an n-colored bi-Esakia space.

Now, if A is a bi-Heyting algebra endowed with some fixed elements 4y, ..., a,, then we
can think of this structure as a pair (A, v), where v: {p1,...,pn} — A is the map defined by
v(pi) = aj, for each i < n. Defining c: {p1,...,pn} — ClopUp(A,) by c(p;) = {x € As: a; €
x}, for each i < n, yields an n-coloring of the bi-Esakia dual A, of A, and thus an n-colored
bi-Esakia space (A, c).

We are now ready to prove the Coloring Theorem for bi-Heyting algebras. The Coloring
Theorem for Heyting algebras was first stated in [28] (for a proof, see, e.g., [9, Thm. 3.1.5]). Our
argument follows closely the one found in [9], but we include it for the sake of completeness.
Notice the use of the notation A = (a3, ...,a,) for “A is generated as a bi-Heyting algebra by

{aq,...,a,}".

Theorem 2.19 (Coloring Theorem). Let A be a bi-Heyting algebra, a4, ...,a, € A, and (X, c) the
corresponding n-colored bi-Esakia space. Then A = (ay, ..., a,) iff every proper bi-E-partition E of X
identifies points of different colors.

Proof. Suppose A = (ay,...,a,) and that E is a proper bi-E-partition of X. It follows from
Remark 2.18 that {U/E: U is an E-saturated clopen upset of X'} is the universe of a bi-Heyting
algebra which is isomorphic to a proper subalgebra of A. This entails that there exists i < n
such that ¢(p;) = {x € X: a; € x} is a clopen upset of X which is not E-saturated. In other
words, there exists x € E[c(p;)] \ ¢(p;). Since the clopen upsets c(p;) define our coloring, it is
clear that x is identified with a point of a different color.

We now suppose that B := (ay,...,a,) is a proper subalgebra of A and prove the right to
left implication of the statement by contraposition. In view of Remark 2.18, the relation Eg is a
proper bi-E-partition of X'. As every a; is contained in B, it follows easily from the definition of
Eg that every c(p;) is Eg-saturated. Because of this, if xEgy then the equivalence x € c¢(p;) iff
y € ¢(p;) holds for all i < n. Therefore, Eg can only identify points of the same color. O
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3. THE BI-INTUITIONISTIC GODEL-DUMMETT LOGIC

The bi-intuitionistic Godel-Dummett logic is the bi-intermediate logic
bi-GD := bi-IPC+(p — q) V (9 — p),

and the formula (p — q) V (g — p) is called the Godel-Dummett axiom (or the prelinearity axiom).
Over IPC, this formula axiomatizes the intuitionistic linear calculus LC, a logic that has been
extensively studied in the literature (see, e.g., [21, 30, 33, 34]) and whose algebraic models (i.e.,
Heyting algebras which validate the Godel-Dummett axiom) have been called Godel algebras. In
view of Theorem 2.8, the logic bi-GD corresponds (in fact, is algebraized by) the variety

bi-GA := Viicp = {A € bi-HA: A= (p = q) V(9 = p)},

whose elements will be called bi-Gddel algebras. Furthermore, there exists a dual isomorphism
between the lattice A (bi-GD) of consistent extensions of bi-GD and that of nontrivial subvarieties
of bi-GA. In order to describe the order topological duals of these algebras, we need to recall the
definitions of chains (i.e., linearly ordered posets), of co-trees (i.e., posets with a greatest element,
called the co-root, and whose principal upsets are chains) and of co-forests (i.e., possibly empty
disjoint unions of co-trees). Moreover, a bi-Esakia chain, or co-tree, or co-forest, is a bi-Esakia space
whose underlying poset is a chain, or co-tree, or co-forest, respectively. The notions of Esakia
chains, co-trees, and co-forests are defined similarly.

FIGURE 1. A co-tree.

In this section, we use the duality between Godel algebras and Esakia co-forests (see, e.g.,
[33]) to achieve a duality between bi-Godel algebras and bi-Esakia co-forests. This allows us to
obtain the transparent description of the SI members of bi-GA as the algebraic duals of bi-Esakia
co-trees. In contrast, SI Godel algebras are the algebraic duals of strongly rooted Esakia chains (i.e.,
Esakia spaces whose underlying posets are bounded chains with an isolated least element) [33].

Theorem 3.1. If A € bi-HA, then A is a bi-Gdodel algebra iff A is a bi-Esakia co-forest.

Proof. Observe that a bi-Heyting algebra A validates the axiom (p — q) V (g — p) iff its
Heyting algebra reduct A~ validates the same axiom. Since the latter condition is equivalent to
A being a co-forest [33, Thm. 2.4], and as A, = A, the result follows. O

Example 3.2. Here we present a Godel algebra which fails to be a bi-Godel algebra, by depicting
its Esakia dual. Notice that, in view of Example 2.7 and the definitions, any such algebra must
be infinite. Let X' := (X, <) be the countably infinite co-tree depicted in Figure 2, with co-root r
and such that every other point is minimal. Using similar terminology as the one introduced in
Section 4.3, we call X' the w-co-fork. We will show below that the co-tree X' can be equipped

N
X1 X2 X3 o
FIGURE 2. The w-co-fork.
with an Esakia topology 7, hence (X, T, <)* is a Godel algebra [33, Thm. 2.4]. However, we

will also prove that this topology has clopen sets which generate upsets that are not clopen.
Consequently, (X, 7, <) does not satisfy the definition of bi-Esakia spaces 2.11, so the bi-Esakia
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duality ensures that (X, 7, <)* is not a bi-Heyting algebra (hence, in particular, not a bi-Godel
algebra).
Let T be the topology on X generated by the subbasis

S :={N: N Cmin(X)is finite} U{M U {r}: M C min(X) is co-finite}.

It is routine to check that Clop(X) = S. Using the Alexander Subbasis Theorem, it follows
easily from the definition of & that T is compact. Moreover, if U € S then it is clear that
LU = U or U = X, hence the downset generated by a clopen set is again clopen. To see that
X satisfies the PSA, consider x,y € X such that x £ y. Then y # r holds, thus X \ {y} =
min(X) ~{y}U{r} € Sand X \ {y} is a clopen upset that separates x from y. We conclude
that X is an Esakia space. Now, simply take x € min(X’) and notice that {x} € S while
™x} ={x,r} € S. So X fails to be a bi-Esakia space, as desired.

Before we characterize the SI bi-Godel algebras, let us recall the standard characterization of
simple and SI bi-Heyting algebras by means of their bi-Esakia duals, as well as prove that the
existence of a greatest prime filter of A € bi-HA is a sufficient condition for A to be simple.

Theorem 3.3. If A € bi-HA, then the following conditions are equivalent:
(i) A s SI;
(i) (Con(A)~{Ida}, C ) has a least element;
(iii) (CIUpDo(A.) ~ {A.}, C ) has a greatest element.

Proof. Using Proposition 2.15, it can be shown that the lattice of congruences on A is dually
isomorphic to that of closed updownsets of A,, yielding the result. 0

Corollary 3.4. If A € bi-HA, then the following conditions are equivalent:
(i) A issimple;
(ii) Con(A) = {Ids, A%} and Id4 # A?;

(iii) ClUpDo(A«) = {D, Ay} and @ # A..

Proof. This result follows immediately from the definition of a simple algebra and the afore-
mentioned dual isomorphism between the lattice of congruences on A and that of closed
updownsets of A,. 0

Proposition 3.5. Let A € bi-HA. If A, has a greatest element, then A is simple.

Proof. First, let us note that if A, has a greatest element x, then A, # @ and every nonempty
upset of A, contains x. Since we also have |x = A,, it now follows that UpDo(A.) = {D, A.},
hence also CIUpDo(A.) = {®, A.}. Therefore, by Corollary 3.4, we have that A is simple. [J

Remark 3.6. The converse of Proposition 3.5 fails in general because Up(X) is a simple bi-
Heyting algebra for every nonempty finite connected poset X'

The next theorem lists equivalent conditions for a bi-Godel algebra to be SI. In particular,
it provides a transparent characterization of these algebras: they are exactly the bi-Heyting
algebras whose duals are bi-Esakia co-trees. Recall that in a bounded distributive lattice L, the
element 0 is said to be A-irreducible if a Ab = 0 impliesa =0orb =0, foralla,b € L.

Theorem 3.7. If A € bi-GA, then the following conditions are equivalent:
(i) AisSL;
(ii) A is a bi-Esakia co-tree;
(iii) A has a greatest element;
(iv) A is simple;
(v) A isnontrivial and —a = 0, forall a € A~{0};
(vi) A is nontrivial and 0 is A-irreducible.

Proof. | (i) = (ii) | Let A be an SI bi-Godel algebra. Since A, is a bi-Esakia co-forest by Theorem

3.1, we can write A, = W{lx: x € max(A,)} as a disjoint union of co-trees. As A is SI, Theorem
3.3 entails that CIUpDo(Ay) ~ {A.} has a greatest element U. Since U is a proper downset,



BIINTERMEDIATE LOGICS OF TREES AND CO-TREES 13

there must be a maximal point w of A, not in U. Note that, since w is maximal and principal
upsets are chains, it follows that Jw is an upset of A,. By definition, it is also a downset.
Moreover, we know by Theorem 2.12 that |w is closed, hence it is a closed updownset not
contained in U. By the definition of U, it follows that |w = A, so A, is indeed a bi-Esakia
co-tree.

‘ (il) = (iii)) = (iv) = (i) ‘ The first implication follows directly from the definition of a
co-tree, the second is an immediate consequence of Proposition 3.5, while the third follows from
the fact that simple algebras are SI.

(iii) == (v) |Suppose that A, has a greatest element, i.e., that A has a greatest prime filter
r. It is an immediate consequence of the Prime Filter Theorem and the definition of r that
a € A~{0} iff a is contained in some prime filter iff a € r. If a € AN{0}, thenaA—-a=0¢r
entails —a & r,i.e., ~a = 0 by the previous remark.

(v) = (vi) | Suppose that A satisfies condition (v),and a A ¢ = 0, for some a,c € A. Ifa # 0,
then -a = 0,soc € {b € A:bANa <0} nowentailsc =0=-a = \{be A:bAa < 0}.
Therefore, 0 is A-irreducible.

(vi) == (iii) | If A is a nontrivial bi-Godel algebra whose 0 is A-irreducible, then it is easy to
see that A~{0} is not only a prime filter, but is in fact the greatest such filter. O

S

Corollary 3.8. The following conditions hold:
(i) bi-GA is a semi-simple variety,
(ii) bi-GA is a discriminator variety,

(iii) bi-GA has EDPC.

Proof. That bi-GA is semi-simple follows immediately from the equivalence (i) <= (iv) of
Theorem 3.7.

To show that bi-GA is discriminator, we use the following characterization (which was proved
in [58]): a variety V of bi-Heyting algebras is discriminator iff there exists some n € w such that
ViE () e m (2 )",
where (— ~)""1x is recursively defined as (- ~)""1x := = ~((= ~)"x). Clearly, it suffices to
show that there exists an equation of this form which is satisfied by every SI bi-Godel algebra.
Accordingly, let a € A € bi-GAg;. By Proposition 2.6.(7), we know that ~ a = 0iffa = 1.
So = ~1 = =0 = 1, and using the equivalence (i) <= (v) of Theorem 3.7, we also have that

—~a = 0when a # 1. Itis now clear that A |= (= ~)?x ~ — ~x, as desired.

For the sake of completeness, we also provide a discriminator term for the variety bi-GA,
namely,

tx,y,z) = ((x+y)Az) V (-(x+y) Ax),

where x +y = —((x < y)V (y < x)). Let A € bi-GAg; and a,b € A. If a = b, then
a<+b=0=0b<+ a, hencea+ b = -0 = 1. On the other hand, if 2 # b, we can assume without
loss of generality that a £ b. By Proposition 2.6, this is equivalent to a + b # 0, and therefore
0< ((a<b)V (b<a)). As A s SL it follows from the equivalence (i) <= (v) of Theorem 3.7
thata +b = —((a < b) V (b < a)) = 0. This discussion yields

atb— 1 ifa=0y,
|0 ifa#b,

and it is now routine to check that the term ¢ is a discriminator term for A.
Finally, the fact that bi-GA has EDPC now follows from 2.2.(v). |

Corollary 3.9. If A is a subalgebra of an SI bi-Gddel algebra, or is an ultraproduct of a family of SI
bi-Godel algebras, then A is also SI.

Proof. It is well known that if V is a discriminator variety, then Vgs; forms a universal class (see,
e.g., [14, Thm. IX.9.4.(c)]). Since universal sentences are preserved under taking subalgebras
and ultraproducts, the desired result now follows from the previous corollary.
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To be more explicit, notice that Theorem 3.7 ensures that a bi-Godel algebra A is SIiff A is
nontrivial and 0 is A-irreducible. It follows that bi-GAg; can be axiomatized (over bi-GD) by a
single universal sentence:

0#landVx,y (xAy=0 = (x=00ry=0)). O
To finish this section, we prove that the bi-intuitionistic linear calculus
bi-LC := bi-IPC+(p = q) V(g = p)+-[(g < p) AN(p < q)]

is the bi-intermediate logic of linearly ordered posets (i.e., chains). Recall that a tree is the order
dual of a co-tree (that is, a poset with a least element, called the root, and whose principal
downsets are chains) and that a forest is a disjoint union of trees. Moreover, a bi-Esakia tree or
forest is a bi-Esakia space whose underlying poset is a tree or forest, respectively.

Theorem 3.10. If A € bi-HA, then A € (Vpi.Lc)s1 iff Ax is a nonempty bi-Esakia chain. Consequently,
bi-LC is Kripke complete with respect to the class of chains.

Proof. By order dualizing Theorem 3.1, it follows that a bi-Heyting algebra A validates the dual
Godel-Dummett axiom —[(p < gq) A (q < p)] iff A, is a bi-Esakia forest. Furthermore, by order
dualizing Theorem 3.7, any such algebra A is SIiff A, is a bi-Esakia tree. Now, simply note that
our respective characterizations of the SI algebras which validate each of the axioms of bi-LC
already ensure that A € (Vpi.Lc)sy iff A, is both a bi-Esakia tree and co-tree iff A, is a nonempty
bi-Esakia chain (notice that, in view of Proposition 2.14.(i), any nonempty (bi-)Esakia chain
must be bounded). The last part of the statement is now clear. 0

It is an immediate consequence of the bi-Esakia duality that if A is a bi-Heyting algebra,
then A, is a nonempty bi-Esakia chain iff A is nontrivial and its order is linear. Notably, every
bounded distributive lattice A whose order is linear can be viewed as a bi-Heyting algebra by

setting
Qs b 1 ifa<hp, and Qb 0 ifa<y,
T )b ifb<a, " la ifb<a,

for each a,b € A. Consequently, the terms linear bounded distributive lattice, linear Heyting algebra,
and linear bi-Heyting algebra are all synonyms. We denote the variety generated by these algebras
by bi-LA and note that the above discussion, together with the previous theorem, yields:

Corollary 3.11. The bi-intermediate logic bi-LC of chains is algebraized by the variety bi-LA.

4. STABLE, JANKOV AND SUBFRAME FORMULAS FOR BI-GODEL ALGEBRAS

In this section, we develop the theories of stable canonical and subframe formulas for bi-
Godel algebras. For an overview of these formulas and their use in superintuitionistic and
modal logics we refer to [8] and [17], respectively. We use stable canonical formulas to provide
a uniform axiomatization of all extensions of bi-GD. We then use Jankov formulas (a particular
type of stable canonical formulas) to fully characterize the splitting logics of the lattice A(bi-GD),
and prove that |A(bi-GD)| = 2%. As for the subframe formulas, we utilize them to establish
a straightforward axiomatization of some notable extensions of bi-GD, such as the logic of
co-trees of depth (respectively, width) less than an arbitrary n € Z*. But our main use for these
formulas will come in the following section, when we characterize the locally tabular extensions
of bi-GD.

4.1. Stable canonical formulas and Jankov formulas. Let {¢, ¢, } U X be a set of formulas
and let M = (W, <, V) be a Kripke model (i.e., a poset (W, <) equipped with a valuation V on
the bi-Heyting algebra Up(X') of its upsets). We write 9, x |= ¢ when x € V(¢), and M |= ¢
when V(¢) = W. Moreover, if M’ |= ¢ for all Kripke models 9" = (W, <, V') on (W, <), we
say that (W, <) validates ¢, denoted (W, <) |= ¢. When (W, <) validates every formula in X,
we write (W, <) |= X and say that (W, <) validates X.
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Recall that the Kripke semantics of bi-IPC define
MxEyp<— ¢ < Jyelx(My=ypand My = ¢),
and note the following equivalences, for an arbitrary w € 9t
MuwE~p <= MwET ¢ < Jvelw(MovlE=Tand M, v E —¢)
— Jvelw (Mo ) < Juetlw (MukE=9p).

Let us now assume that 91 has a greatest element r. It is clear from the above display that
M, w = ~ ¢ implies that ¢ holds in some point of M. Suppose now that M, v |= ¢, i.e., that
v € V(¢), for some v € M. Since V(¢) is an upset and r the greatest element of M, it follows
M, r = ¢. Moreover, our assumption on r also yields r € 1]w. This, together with M, r = ¢,
now implies MM, w = ~ —¢, again by the above display.

From this discussion, we can conclude that for an arbitrary w € 91, we have M, w = ~ —¢ iff
¢ holds in some point of M. Thus, in the setting of Kripke models with a greatest element (in
particular, of Kripke models on co-trees), ~ — can be viewed as an analogue to the notion of the
universal diamond from modal logic.

Similarly, let us note that for an arbitrary w € 9, the followng equivalences hold:

MwE-~p <= YoeTtw (Mo E~p) <= Yoetw (Mo ET @)
= Vueltw (MuETorMul=¢) < Yuec [tw (M ul= ).

If we again assume that 9t has a greatest element 7, then clearly W = |r = |tw. Thus, the
equivalences above imply that 9, w = — ~¢ iff ¢ holds everywhere in M. Therefore, in the
setting of Kripke models with a greatest element (in particular, of Kripke models on co-trees),
— ~ can be viewed as an analogue of the notion of the universal box from modal logic.

This discussion not only provides some intuition for what follows, by highlighting a similarity
with the construction of the Jankov-Fine formulas for modal frames, but it helps us show that
extensions of bi-GD admit a metalogical classical inconsistency lemma as in condition (1). These
types of lemmas were formally introduced and studied in [50], see also [15, 45, 44].

Let L be an extension of bi-GD. We define a consequence relation i in the following manner:
given a set of formulas X U {¢}, we write X - ¢ iff M = X implies M |= ¢, for every Kripke
model M = (X, V) on a co-tree X which validates L.

Theorem 4.1. Let L be an extension of bi-GD. If Z U {¢} is a set of formulas, then
SU{~vmpl b L = SH 9.
Consequently, L has a classical inconsistency lemma.

Proof. Assume XU {~ - ~¢} F L and that M |= X, where M = (X, V) is a Kripke model
on a co-tree X which validates L. Since X is a co-tree, 9 is nonempty, hence M = L. As
LU{~=~¢} Fp L and M = %, this implies M = ~ - ~¢, i.e., that there exists w € X such
that M, w [= ~ = ~¢. It now follows that M, w |= = ~¢, and by our previous discussion on the
connective — ~, we conclude M = ¢.

For the converse, let us suppose X -1 ¢. We can show that X U {~ - ~¢} F1 L holds by
proving that 9t = LU {~ = ~¢}, for every model MM = (X, V) such that X is a co-tree and
X = L. Accordingly, let M be such a model and suppose that M = X U {~ = ~¢}. By our
assumption, M = X implies M = ¢, and by our previous discussion on the connective ~ —, we
know that M = ~ — ~¢ entails the existence of a point w € X such that MM, w |= ~¢. But now
we have 9, v £ ¢, for some v € Jw, contradicting M = ¢. Therefore, M = LU {~ - ~¢}, as
desired. U

In view of Theorem 4.1, extensions of bi-GD exhibit an appealing balance between the classical
and intuitionistic behavior of negation connectives, adding more motivation for studying this
system.

We will now extend the method of stable canonical formulas [8] to the setting of bi-GD.
Let A € bi—GAEI‘" and D C AZ2. For each a € A, we introduce a fresh propositional variable
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pa € Prop. Let I be the formula describing the Heyting algebra structure of A fully, while the
behavior of the operator < is only given for elements of D, i.e.,

= A{pave < (PaVpp): (a,b) € A2} A N{Pans < (Pa App): (a,b) € A2FA
Apase < (P = pp): (a,b) € A2} A N{pacy < (pa  py): (a,b) € DIA
ANpo < L} A{p1 < T}
We define the stable canonical formula associated with A and D by
7(A,D) === ~T — = A\ {pa < po: (a,b) € A>and a £ b}.

Moreover, given B € bi-GA and a Heyting homomorphism h: A — B, we call D a <—-stable
domain of A if for all (a,b) € D, we have h(a < b) = h(a) < h(b). In this case, we say that h
satisfies the <—-stable domain condition (SDC. for short) for D.

Before we discuss the fundamental properties of the stable canonical formulas, we recall four
elementary facts about bi-Heyting algebras, that will be used without further reference in what
follows.

Lemma 4.2. If A € bi-HAand a,b € A, then:
(i) a=1 <= a=0,

(ii) ~~a=1 << a=1,
(iii) a —-b=1 <= a<b,

(iv) a<+b#0 < agb

Lemma 4.3 (Stable Jankov Lemma). Let B € bi-GA. If A € bi-GAS{ and D C A?, then B |~
v(A, D) iff there exists a Heyting algebra embedding h: A — C satisfying the SDC._ for D, for some
Ce H(B)SI.

Proof. We start by proving the left to right implication. Suppose that a bi-Godel algebra B
refutes (A, D). By the Subdirect Decomposition Theorem, there exists C € H(B)g; such that
C [~ 7(A, D). Let v be a valuation on C refuting (A, D), i.e., such that

v(7(A, D)) =v(=~T) = (= A\ {pa < pp: (a,b) € A>anda £ b}) < 1.

Notice that this implies 0 < v(— ~T'), and that if (C,, V) is the bi-Esakia model corresponding
to (C,v) (via the bi-Esakia duality), then 0 < v(— ~T) iff V(= ~T) # @, i.e., = ~T holds true in
some point of (C,, V). By our previous discussion on the behaviour of = ~ on models with a
greatest element, the fact that C is SI now entails that V(I') = C,, i.e., thatv(T') = 1.

Let us now define a map h: A — C by setting h(a) := v(p,), for every a € A. By the
definitions of & and the formula T, it is easy to see that v(I') = 1iff 1 is a Heyting homomorphism
which satisfies the SDC._ for D, hence the only condition that remains to be shown is that / is
injective. To this end, leta # b € A and suppose, without loss of generality, that a £ b. Notice
that, since v (’y(A, D)) # 1, we must have

o(~A\{pxpyixyeAandx Ly}) #1,

which is equivalent to

N A{v(px) < v(py): x,y € Aand x L y}) #0.
By the definition of /, it now follows that

N {h(x) < h(y): x,y€ Aand x L y}) #0,

thus h(a) < h(b) # 0, i.e., h(a) & h(b). We conclude that & is indeed a Heyting algebra
embedding satisfying the SDC._ for D, as desired.

For the converse, let C € H(B)gj, h: A — C be a Heyting algebra embedding that satisfies
the SDC. for D, and v: Prop — C a valuation satisfying v(p,) = h(a), for eacha € A. We
shall prove that C refutes (A, D) via v, hence showing that B = (A, D) holds (recall that the
validity of a formula is preserved under taking homomorphic images).
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By the definitions of 1 and T, it is clear that v(I') = 1, which is equivalent to = ~v(T) =
v(—~~T) = 1. Now, leta,b € A be such thata §§ b,ie.,a = b # 1. Since h is a Heyting algebra
embedding, it follows that h(a — b) = h(a) — h(b) # 1, ie., h(a) % h(b), which in turn is
equivalent to h(a) < h(b) = v(p,) < v(pp) # 0. Thus, we have

0 ¢ {v(pa) < v(pp): a,b € Aand a & b}.

As Cis SI by assumption, Oc is A-irreducible (see Theorem 3.7), hence

o( \{pa < pp:a,b e Aanda £ b}) #0.

Consequently, =v( A{pa < pp: a,b € Aand a £ b}) # 1, and we conclude that v(y(A, D)) #
1. Therefore, C refutes v(A, D) via v. O

The following lemma is essential for what follows. Notice that it makes crucial use of the fact
that the HA-reduct of bi-GA is locally finite [34], much like the analogous version of this result
for Heyting algebras relies on the local finiteness of the lattice reduct of HA. Henceforth, we
will make extensive use of the fact that every finite Godel algebra (i.e., a Heyting algebra that
validates the Godel-Dummett axiom) can be regarded as a finite bi-Godel algebra (see Example
2.7).

Lemma 4.4 (Stable Filtration Lemma). Let ¢ be a formula and B € bi-GA. If B [~ ¢, then there exists
a finite Heyting subalgebra A of B such that A € bi-GA and A = ¢. If B is moreover SI, then so is A.

Proof. Suppose that B [~ ¢. Then ¢B(a) # 1 for some tuple 7 € B. Let
Y = {¢(a): ¢ is a subformula of ¢}

and A be the Heyting subalgebra of B generated by X. Since X is finite and bi-GA has a locally
finite HA-reduct, it follows that A is a finite Heyting algebra, hence also a finite bi-Heyting
algebra (see Example 2.7), although not necessarily a bi-Heyting subalgebra of B. Moreover,
since bi-GA is axiomatized (relative to bi-IPC) by the Godel-Dummett axiom, a <—-free formula,
and A is a Heyting subalgebra of B, then clearly B € bi-GA implies A € bi-GA.

As A is a bi-Heyting algebra, it has a well-defined «—* operation. And although this operation
need not coincide with +B, it crucially does so when a<Bb € ¥. To see this, just note that
A C B implies

a(—Bb:/\{ceB:agc\/b}</\{c€A:a<c\/b}:a<—Ab,

for all a,b € A. Moreover, if a<Bb € A, then clearly a+Bp € {c € A:a < ¢V b}, hence
a<Ab < a<Bb. It now follows that if a<-Bb € A (and in particular, if a<-Bb € ¥), then
a<Bb = a<Ab. Therefore, using a simple argument by induction on the complexity of ¢, we
can conclude that ¢B8(7) = ¢ (a), hence ¢*(a) # 1. Thus, A [~ ¢, as desired.

Suppose now that B is SI, hence Op is A-irreducible by Theorem 3.7. Since A is a Heyting
subalgebra of B, it is nontrivial and 05 must also be A-irreducible. Again using Theorem 3.7,
we conclude that A is SI. O

Corollary 4.5. The variety bi-GA has the FMP.
Proof. This result follows easily from the previous lemma. 4

Equipped with Lemmas 4.3 and 4.4, we can start our proof of the first main result of this
subsection, which establishes a uniform axiomatization of all extensions of bi-GD by means
of stable canonical formulas. This is in analogy with the intuitionistic case, see, e.g., [7, 17].
However, a similar axiomatization technique for arbitrary bi-intermediate logics cannot be
obtained, as we discuss below.

Fix a formula ¢ ¢ bi-GD and set n := |Sub(¢)|. Since the HA-reduct of bi-GA is locally finite,
there exists a bound ¢(¢) € w on the size of n-generated Heyting algebras belonging to this
reduct. Accordingly, let Ay, ..., A, be the list of (up to isomorphism) all n-generated SI
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bi-Godel algebras such that |A;| < ¢(¢) and A; [~ ¢. Now, for each of these bi-Godel algebras
A; refuting ¢ via a valuation v, we set

D% :={(a,b) €@*:a + b€ O},
where @ := v[Sub(¢)]. Consider a new list (A1, D), ..., (Ax), D)) (notice that k(1) need
not be smaller than m(n), since each A; may refute ¢ through distinct valuations), whose

elements we call the refutation patterns for ¢. Keeping this discussion in mind, we have the
following theorem:

Theorem 4.6. If B is an SI bi-Godel algebra, then:
(i) B W~ ¢ iff there exists i < k(n) and a Heyting algebra embedding h: A; — B satisfying the
SDC for D;~;

k(n)
() B¢ < Bl= A 7(A; D7)

i=
Proof. (i) Firstly, note that right to left implication follows immediately from (A;, D) [~ ¢ and
the definition of D;~, since if a Heyting algebra embedding h: A; — B satisfies the SDC,_ for
D;~, then we clearly have B [~ ¢. To prove the converse, suppose that B [~ ¢. As B € bi-GAgj,
it follows from Lemma 4.4 that there is a finite Heyting subalgebra A of B such that A € bi-GAg;
and A refutes ¢ via some valuation v. Thus, there exists a Heyting embedding #: A — B, and
by looking at the proof of Lemma 4.4, we not only see that A is n-generated for n = |Sub(¢)]|
(as a Heyting algebra), but also that a < b € v[Sub(¢)] implies h(a < b) = h(a) < h(b), for all
a,b € A. Itis now easy to see that & satisfies the SDC for

D = {(a,b) € v[Sub(¢)]*: a + b € v[Sub(¢$)]}.

Therefore, the pair (A, D) must be one of the (A;, D{") listed above, hence we showed that
the right side of the desired equivalence holds, as desired.
(ii) This follows immediately from (i), together with the Stable Jankov Lemma 4.3. U

As a consequence, stable canonical formulas can be used to axiomatize extensions of bi-GD.

Theorem 4.7. Every extension of bi-GD is axiomatizable by stable canonical formulas. Moreover, if L is
finitely axiomatized, then L is axiomatizable by finitely many stable canonical formulas.

Proof. Suppose that L = bi-GD +{¢;: i € I}, so we can assume without loss of generality that
bi-GD ¥ ¢;, for all i € I. By the previous theorem, we know that for each i € I there is a list of
refutation patterns (A;1, D7), ..., (Ajk), ka( i)) such that

k(i)
bi-GD +¢; = bi-GD + /\ (A, Df])

j=1
Thus, we have
k(i)
L =bi-GD+{¢;: i € I} = bi-GD +{ /\ v(A;;, D;;): i € I}.
j=1
The last part of the statement clearly follows from the previous equality. U

Corollary 4.8. Let L' C L be extensions of bi-GD. Then L is axiomatizable over L' by stable canonical
formulas. Moreover, if L is finitely axiomatized over L', then L is axiomatizable over L' by finitely many
stable canonical formulas.

Proof. This is an immediate consequence of the proof of the previous theorem. g

We will now focus on a particular class of stable canonical formulas: the Jankov formulas
[35, 36, 37]. For each A € bi-GAS, we call J(A) = (A, A?) the Jankov formula of A. We
compile the defining properties of these formulas in the following lemma, and subsequently use
them to characterize the splitting logics of the lattice A(bi-GD), as well as finding its cardinality.
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Lemma 4.9 (Jankov Lemma). If B € bi-GA and A € bi-GAS[", then the following conditions are
equivalent:
(i) B = J(A);
(ii) there exists a bi-Heyting algebra embedding h: A — C, for some C € H(B)gy;
(i) A € SH(B);
(iv) A € HS(B).

Proof. Firstly, let us note that the equivalence (i) <= (ii) is just a particular instance of the Stable
Jankov Lemma 4.3, and that (ii) clearly implies (iii). The equivalence (iii) <= (iv) follows from
Proposition 2.2.(iii) and the fact that bi-GA has EDPC (see Corollary 3.8). Finally, (iv) = (i)
follows from the easily checked fact that A = J(A), and by noting that the operators H and S
preserve the validity of formulas. U

Corollary 4.10. If B € bi-GAgj, then V(B)gf’ = IS(B)<“.

Proof. We start by noting that IS(B)<“ C V(B)g;” follows directly from Corollary 3.9. To prove
the other inclusion, we use the Jankov Lemma and the fact that the product of algebras preserves
the validity of formulas to deduce that if A € V(B)g, then B [~ J(A), i.e, A € SH(B).
As bi-GA is a semi-simple variety (see Corolary 3.8) and simple algebras have no nontrivial
homomorphic images, B € bi-GAg; now implies that A € IS(B)<“, as desired. O

Given a lattice L and elements 4,b € L, we call (a,b) a splitting pair for Lif L = ta W b
(we use the symbol & to denote the union of sets which are pairwise disjoint). In particular, if
L = A(bi-GD) then a is said to be a splitting logic.

Theorem 4.11 (Splitting Theorem). If L € A(bi-GD), then:

(i) L is a splitting logic iff L is axiomatized by a single Jankov formula,
(ii) L is a join of splitting logics iff L is axiomatized by Jankov formulas.

Proof. We start by noting that condition (i) clearly implies (ii), hence we only prove the former
equivalence. Suppose that (L, L') is a splitting pair for A(bi-GD), for some L’ € A(bi-GD). As
bi-GA is a congruence distributive variety (by Proposition 2.2 together with Corollary 3.8) with
the FMP (see Corollary 4.5), it follows from a result by McKenzie [49] that L’ = Log(A), for
some A € bi-GAS”. Using the definition of a splitting pair together with the fact A = J(A),
it is easy to see that the equivalence B |= J(A) iff B = L holds for all B € bi-GA. Thus,
L = bi-GD +7 (A).

Conversely, assume L = bi-GD +.7 (A) for some A € bi-GAS”. Set L’ := Log(A) and notice
that A [~ J(A) implies L ¢ L. Now, take E € A(bi-GD) and suppose L ¢ E, i.e.,, J(A) ¢ E.
By a simple application of the Jankov Lemma 4.9, this implies A € Vg = {B € bi-HA: B |= E}.
Equivalently, E C Log(A) = L'. We just proved that for E € A(bi-GD), E ¢ tLentails E € |L’,
i.e., that A(bi-GD) = TL W |L’. Therefore, (L, L') is a splitting pair for A(bi-GD). O

A splitting algebra of a variety V is an ST member A for which there exists the largest subvariety
V' C V omitting A. In this case, (V(A),V’) is a splitting pair for the lattice of subvarieties of V.
Translating the Splitting Theorem 4.11 into algebraic terms characterizes the splitting algebras of
the variety bi-GA as the finite SI bi-Godel algebras (we note that the equality between splitting
algebras and finite SI algebras holds more in general for every variety of finite type with EDPC
and the FMP, as shown in [12, Cor. 3.2] and [49]).

Theorem 4.12. The splitting algebras of bi-GA are exactly the finite SI bi-Godel algebras.

It is well known that the analogue of the previous theorem holds for the variety of Heyting
algebras (see, e.g., [17]): the splitting algebras of HA are exactly its finite SI elements. However,
this is far from the case for bi-Heyting algebras; a result by Wolter [59] shows that the only
splitting algebras in bi-HA are the two-element and three-element chains. This is the main
reason why the theories of stable canonical formulas cannot be developed for bi-IPC.
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4.2. The cardinality of A(bi-GD). The goal of this section is to prove that the cardinality of
the lattice A(bi-GD) is 2%. Accordingly, let us define a partial order < on the class bi-GAS by
A < Biff A € H5(B). Note that, by Corollary 4.10, we have

A<B < A cIS(B).

We will show |A(bi-GD)| = 2% by proving that there exists a countably infinite <-antichain
Q C bi-GAS} (that is, the elements of () are pairwise <-incomparable). That the existence of ()
suffices to establish the desired equality follows easily from the next proposition, as we shall
see in a moment.

Proposition 4.13. Let () C bi-GAgf" be a countably infinite <-antichain. If 01,y € P(Q) are
distinct, then

bi-GD +7 (1) # bi-GD +7 (),
where J () = {J(A): A € O);}.

Proof. Without loss of generality, suppose that there exists B € )1 \ (),. Since B [= 7 (B), itis
clear that B [~ bi-GD +7 (Q21). On the other hand, if B [~ bi-GD +7 ();) then there is A € (),
such that B = 7 (A). By the Jankov Lemma, it follows A < B. But this is a contradiction, since
A and B are in (), an <-antichain. Therefore, B |= bi-GD 4.7 (();), and we conclude

bi-GD +7 (Q1) # bi-GD +.7 (). O

Suppose that we have () satisfying the conditions of the previous proposition. As our
language is countable, we know that there are at most continuum many extensions of bi-GD,
that is, |A(bi-GD)| < 2%. But we just proved that distinct subsets of the countably infinite <-
antichain Q) give rise to distinct extensions of bi-GD, hence it follows |P(Q)| = 2% < |A(bi-GD)]|.
Therefore, we get the desired equality.

We end this discussion by noting that we can use the bi-Esakia duality and Example 2.13 to
translate the partial order < defined above into one on the class of finite co-trees: X' < ) iff
A is a bi-p-morphic image of ). It is now clear that to find our desired <-antichain of finite
SI bi-Godel algebras, it suffices to find a countably infinite <-antichain of finite co-trees. In
order to do this, we rely on the following observation. Recall that x < y denotes that y is an
immediate successor of x.

Lemma 4.14. Let f: X — Y be a bi-p-morphism between co-trees. If x < y € X, then either
f(x) = f(y) or f(x) < f(y)-

Proof. Assume x < y. As bi-p-morphisms are order preserving, x < y entails f(x) < f(y). If
f(x) = f(y) we are done, so let us suppose that f(x) < f(y). Suppose as well that f(x) < u <
f(y), for some u € Y. By the up condition (see the Definition 2.9), there exists z € Tx satisfying
f(z) = u. Notice that Tx = {x} W1y, since x < y and the principal upsets of X are chains. If

z = x,then f(x) = f(z) = u. If z € Ty, then f(y) < f(z) = u < f(y), and thus f(y) = u. We
conclude f(x) < f(y). O

Let 7 := {T,: n € w} be the family of finite co-trees depicted in Figure 3. The next result
proves that this is an <-antichain of finite co-trees.¥ Its proof makes extensive use, often without
reference, of Proposition 2.10 (in particular, of the fact that if f: X — ) is a bi-p-morphism
between co-trees, then minimal points must be mapped to minimal points, and the co-root of X
must be mapped to the co-root of V) and of Lemma 4.14.

Proposition 4.15 (Hodkinson). The set T = {T,: n € w} is a countably infinite <-antichain of
finite co-trees.

Proof. Firstly, let us note that for n € Z*, if m < n then |T,| < |Ty|, hence clearly T, £ T.
Moreover, if f: T, — Tj is a bi-p-morphism, then the co-root #; of T,, must be mapped to the
co-root of Ty. By Lemma 4.14, this entails that both nontrivial predecessors of v;, which are

This <-antichain was constructed by Ian Hodkinson (personal communication). We use a different method to
show that this is in fact an <-antichain
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FIGURE 3. The co-trees Ty, T1, T», and T;,.

minimal, must be mapped to nonminimal points, contradicting Proposition 2.10. So f cannot
exist, and thus Ty £ T,,.

It remains to show T, ;{ T,, for all m € Z such that m < n. We denote the elements of T,
by uj, vy, a’, b, etc., and those of T, by uy,v1,a,b, etc. Set Uy, := {u; € Ty:j<m}and U, :=
{u; € T,,: i < n}.In a similar way, define the sets V,, and V,,, W,, and W, Z;, and Z,. Suppose,
with a view to contradiction, that there exists a surjective bi-p-morphism f: T,, — T;,, and take
i<nandj < m.

Before we begin a proof by induction, let us establish a series of useful equalities involving
these newly defined sets. First we show that

fVal N (U, U W, L Z, U da'}) = @ 2)
Since we have |Jo;| = 3 < Min{|luj|, Jwj, |La'|}, the down condition of bi-p-morphisms
(see Definition 2.9) already implies f(v;) ¢ U, UW,, U {a'}. To see that f(v;) ¢ Z,,, suppose
otherwise. By Lemma 4.14, this implies that both nontrivial predecessors of v;, which are
minimal, must be mapped to nonminimal points, a contradiction. This establishes the desired
equality. We now prove

flZ,)n (U, UW, UV, U{a'}) =. (3)
Notice that [|z;| = 3 < Min{|u;|,[{w|,|[{4’|} holds, so the down condition forces f(z;) ¢
U, UW,, U{a'}. Moreover, f(z;) = v; would imply that f[lz;] = v}, again by the down

]
condition, which clearly contradicts the fact that f is order preserving. Finally, to see that

fIUJOW,, =@ = fWu] N U, 4)

suppose f(u;) = w;. It follows from Lemma 4.14 that f(v;) € {w}, z},a(j)}, where a(j) := uj,
if j < m, and «(j) = a’ otherwise. Since this contradicts (2), we conclude f[U,] " W,, = @.
Suppose now that f(w;) = u}. By Lemma 4.14, f(z;) € {u}, v}, w}, so (3) yields a contradiction.
Thus, we have f[W,| N U}, = @.

We now prove by strong induction that for all 0 < i < m,

fa)=ul  fo)=v fw)=wi flz)=2
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Let i = 1. By Proposition 2.10, the co-root u; of T, must be mapped to the co-root u} of
Ty In other words, f(u1) = u}. By Lemma 4.14, f(v1) € {u}, v}, w}} follows. So (2) now
forces f(v1) = v}. To see that f(w;) = w), notice that Lemma 4.14 and (4) already imply
f(w1) € {w},v]}, soitsuffices to show that f(w;) # v}. Suppose otherwise, i.e., that f(w;) = v].
By the definition of a bi-p-morphism, we must have f[|lw;] = |v]. Since the aforementioned
equalities f(u1) = w1 and f(v1) = v} entail f[{u;} U lvi] = {u]} U v}, it now follows from
the structures of both T}, and T, that

fIT] = fl{un}t Udor Udw] = f[{u} Ulor] U fllaw] = {uj} U Loy € T
But this contradicts our assumption that f is surjective, hence we conclude f(w;) = w/. Finally,
Lemma 4.14 now implies f(z1) € {w},z},a(1)} (where a(1) = u} if 1 < m, and a(1) = &’
otherwise), so (3) yields f(z1) = z}, as desired.

If m = 1, we are done with our proof by induction, so let us assume otherwise. Then consider
1 < i < m and suppose that for all j € Z" such that j < i < m, the induction hypothesis holds
true.

Since this entails f(w;_1) = w|_,, Lemma 4.14, together with f[U,] N W, = @, forces
f(u;i) € {u},z;_,}. Let us show that u; must be mapped to u, by proving that f(u;) = z|_,
cannot happen. For suppose otherwise. Then f[lu;] = |z/_;. By simply looking at the poset
structure of T,, and T}, we see that this equality implies a’ ¢ f[]u;]. But our induction hypothesis
and the definition of a bi-p-morphism ensure that no element in T, \ Ju; is mapped to a’. It
follows a’ ¢ f[lu;) U f[Ty ~ Ju;] = f[T,], contradicting our assumption that f is surjective.
Thus, we must have f(u;) = u!.

That f(w;) = w! is proved in a very similar way: f(u;) = u!, Lemma 4.14, and (4) imply
f(w;) € {v},w}}, and f(w;) = v cannot happen, since this would force a’ ¢ f[lw;] = |7},
contradicting the surjectivity of f.

With the equalities f(u;) = u} and f(w;) = w} now established, we can use Lemma 4.14
together with condition (2) to show that f(v;) = v/, and with condition (3) to show that
f(zi) = z.. This finishes our proof by induction.

As a consequence, we now know f(wy,) = w},. Since f[U,] N W,, = @ by (4), Lemma 4.14
entails f(u,11) = {a’,2),}. The same argument used above (to show that f(u;) # z,_,, for
all i < m) ensures f(upy41) # z),. Thus, we must have f(u,,11) = a’. But, by Lemma 4.14,
this implies that both nontrivial predecessors of v,,,1, which are minimal, must be mapped
to nonminimal points, a contradiction. Therefore, f cannot exist, and we showed T}, % T,, as
desired. 0

By our previous discussion, the following theorem follows immediately.
Theorem 4.16. The cardinality of the lattice A(bi-GD) is 2™,

4.3. Subframe formulas. Let A € bi-GAS<I“’ and introduce, for each a € A, a fresh propositional
variable p, € Prop. Let I be the formula describing the algebraic structure of the (V, <—)-reduct
of A, that is,

I:= A{pavs < (paVpp): (a,b) € A%} A N Paco < (pa < pp): (a,b) € A%}
We define the subframe formula of A by
B(A) =~ = = A{pa pp: (a,b) € Aanda £ b}.

In order to state the analogue of the Stable Jankov Lemma for subframe formulas, we need
to introduce the notion of a (V, <—)-homomorphism between co-Heyting algebras, i.e., a map
f: A — B that preserves both V and <. Notice that any such map must always preserve 0,
since the equation x <— x ~ 0 is valid on all co-Heyting algebras, and therefore

f(0) = f(a < a) = f(a) < f(a) = 0.
If f is moreover injective, then it is called a (V, <—)-embedding, denoted by f: A — B.

As before, we use the facts stated in Lemma 4.2 without further reference in the following
proof.
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Lemma 4.17 (Subframe Jankov Lemma). (Subframe Jankov Lemma) Let B € bi-GA. If A € bi-GAS/”,
then B = B(A) iff there exists a (V, < )-embedding h: A — C, for some C € H(B)g;.

Proof. To show that the left to right implication holds, we can apply the argument used to prove
the same direction of the Stable Jankov Lemma 4.3, but since now the formula I only describes
the algebraic structure of the (V, <—)-reduct of A, the injective map h: A — C is simply a
(V, < )-embedding, as desired.

Conversely, suppose there exists a (V, < )-embedding /i: A — C, for some C € H(B)g;.
Let v: Prop — C be a valuation on C satisfying v(p,) = h(a), for all a € A. We show that C
refutes B(A) via v, which is a sufficient condition for B = B(A). Firstly, note that since / is a
(V, <=)-homomorphism, we have for thatall a,b € A,

0(Pavp) = h(aV b) = h(a) v h(b) = v(pa) V 0(py),
hence v(pavp <> pa V pp) = 1. Similarly, we have

0(Pacp) = h(a <= b) = h(a) < h(b) = v(pa) < v(py),
and thus v(p,p <> pa < pp) = 1. By the equalities above, we see that v(I') = 1, and therefore
v(—~~T) =-~0(T) = =~1 =1. Now, if a,b € A are such thata ;{ b,i.e.,a < b # 0, then it
follows that 0 # h(a <— b) = v(p,_p), since h is an injective map that preserves 0. This proves
that 0 ¢ {v(ps < pp): a,b € Aand a £ b}. As Cis SI by assumption, Oc is A-irreducible (see
Theorem 3.7), and thus we obtain A{v(pas < py): a,b € Aand a £ b} # 0. Equivalently,

= N{v(pa < pp):a,bc Aanda £ b} #1,
and we conclude

v(B(A)) =1— = N{v(pa < pp):a,b e Aanda £ b} # 1. O

Next we introduce partial co-Esakia morphisms, which enable us to translate the Subframe
Jankov Lemma into terms of bi-Esakia spaces.

Definition 4.18. Let X’ and ) be co-Esakia spaces. A partial map f: X — Y is a partial co-Esakia
morphism if it satisfies the following conditions:

(i) Vx,z e dom(f) (x <z = f(x) < f(2));
(i) Vx e dom(f),VyeY (y < f(x) = Fz e lx (f(z) =v));
(iii) Vx € X (x e dom(f) <= Ty eY (fllx] =ly));
(iv) Vx € X (f[lx] € CI(D));
(v) VU € ClopUp(Y) (1f'U € ClopUp(X)).
Proposition 4.19. Let A and B be co-Heyting algebras, while X and Y are co-Esakia spaces.
(i) If f: X — Y is a partial co-Esakia morphism, then setting
£y =17,
forevery U € ClopUp(Y), yields a (V, <—)-homomorphism f*: Y* — X* between co-Heyting
algebras. If f is moreover surjective, then f* is a (V, <)-embedding.
(i) Ifh: A — Bisa (V, < )-homomorphism between co-Heyting algebras, then setting
dom(h,) == {x € B,: h"'x € A} and h,(x) :== h™ lx,

for everyx € dom(h.), yields a partial co-Esakia morphism h,: B, — A, between co-Esakia
spaces. If h is moreover a (\/, <—)-embedding, then h. is surjective.

Proof. Both (i) and (ii) can be proven simply by order dualizing the proofs of the analogous
results for partial Esakia morphisms and (A, —)-homomorphisms between Heyting algebras

(see, e.g., [6]).

Before we present the Dual Subframe Lemma and some of its equivalent conditions, we need
one more definition and a subsequent lemma.
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Definition 4.20. A map f: X — ) between posets is called an order-embedding if it is order-
invariant, that is, if

w<v < f(w) < f(0),
for all w,v € X. In this case, we say that X order-embeds into Y (via f), and denote this by
fr X = .

Remark 4.21. It is clear by definition that X order-embeds into ) iff X can be viewed as a
subposet of V.

Lemma 4.22. If Y is a finite co-tree and X a co-Esakia space, then Y order-embeds into X iff there
exists a surjective partial co-Esakia morphism f: X — Y.

Proof. This is exactly the order-dual version of [5, Thm. 3.6] (and thus we omit the proof). U

We are finally ready to translate the Subframe Jankov Lemma into the language of bi-Esakia
co-forests.

Lemma 4.23 (Dual Subframe Jankov Lemma). (Dual Subframe Jankov Lemma) If B € bi-GA and
A € bi-GAS/”, then the following conditions are equivalent:

B I B(A);

there exists a (V, < )-embedding h: A — C, for some C € H(B)g;;

there exists a surjective partial co-Esakia morphism f: C, — A, for some C € H(B)gsy;

A, order-embeds into C, for some C € H(B)gj;

A, order-embeds into B,;

there exists a surjective partial co-Esakia morphism f: B, — A.;

there exists a (V, <—)-embedding h: A — B.

Nl ®N =

Proof. The equivalence (1) <= (2) is just the Subframe Jankov Lemma 4.17, while (2) <= (3)
follows immediately from the duality between (V, <—)-homomorphisms of co-Heyting algebras
and partial co-Esakia morphisms stated in Proposition 4.19. Notice that this result also yields
(6) <= (7). As an immediate consequence of Lemma 4.22, we have that both (3) <= (4) and
(5) <= (6) hold true.

Finally, to see that (4) = (5), let C € H(B)g; and note that if A, order-embeds into a
bi-generated subframe of B, such as C,, then clearly A, order-embeds into B..

Conversely, suppose that A, order-embeds into B.. Since A is nontrivial, A is nonempty,
hence so is B,. Therefore, we can write B, = [J;c; T; as a nonempty disjoint union of maximal
(with respect to inclusion) co-trees. By the definition of an order-embedding, it is clear that the
co-tree A, is mapped to a single co-tree T;. Since we can view T; as a bi-generated subframe of
B., by equipping T; with the subspace topology, we conclude by duality that (4) holds. Thus,
we proved (5) = (4). U

Before we present some applications of subframe formulas, we need a few definitions. Let X
be a co-tree and n € Z ™. If X has a chain with n elements, and all chains of X have at most
n elements, we say that X’ has depth n, and write dp(X’) = n. Otherwise, we say that X has
infinite depth.

Furthermore, if X has an antichain (i.e., a subposet whose elements are pairwise incompara-
ble) with n elements, and all antichains in X have at most n elements, we say that & has width
n, and write wd(X') = n. Otherwise, we say that X" has infinite width.

We prove that if n € Z*, then the bi-intermediate logic of co-trees of depth (respectively,
width) less than 7 can be axiomatized by a single subframe formula.

A
X1 Xn

FIGURE 4. The n-co-fork §,.
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Proposition 4.24. Let n € Z*, £, be the n-chain, and §, be the n-co-fork (see Figure 4). If X is
bi-Esakia co-tree, then:
(i) X = B(L) <= dp(X) < n. Equivalently, bi-GD +B(£;,) is the bi-intermediate logic of
co-trees of depth less that n;
(i) X = B(F:) <= wd(X) < n. Equivalently, bi-GD +B(F},) is the bi-intermediate logic of
co-trees of width less that n.

Proof. The desired equivalences follow immediately from Lemma 4.23, noting that by the
definition of an order-embedding, we clearly have that £, does not order-embed into X iff
dp(X) < n, while §, does not order-embed into & iff wd(X) < n.

The last part of both statements are now an immediate consequence of the algebraic com-
pleteness of bi-GD and the bi-Esakia duality. g

As a corollary, we obtain a different axiomatization of the bi-intuitionistic linear calculus
bi-LC = bi-IPC+(p = q) V(g = p)+-[(g < p) A (p < 9)].
Corollary 4.25. The bi-intermediate logic bi-LC of chains coincides with bi-GD +B(F%).

Proof. Let A be a bi-Heyting algebra. By Theorem 3.10, we know that A € (Vi c)sriff A, isa
nonempty bi-Esakia chain. The latter condition is clearly equivalent to A, being a bi-Esakia

co-tree of width 1, which in turn is equivalent to A being an SI bi-Heyting algebra that validates
bi-GD +B(F5 ), by Proposition 4.24.(ii). O

5. LOCALLY TABULAR EXTENSIONS OF bi-GD

A bi-intermediate logic L is said to be locally tabular if for every positive integer n, there are
only finitely many non-L-equivalent formulas built from the propositional variables py, ..., p,.
Equivalently, when V1 is locally finite (i.e., every finitely generated algebra in V| is finite).

In this section we present a characterization of locally tabular extensions of bi-GD: they are
exactly those which contain at least one of the Jankov formulas associated with the finite combs
(a particular class of bi-Esakia co-trees defined below). If is an immediate consequence of this
criterion that the logic of the finite combs is the only pre-locally tabular extension of bi-GD
(recall that a logic is said to be pre-locally tabular if it is not locally tabular, but all of its proper
extensions are so).

For each positive integer 1, we define the n-comb €, = (C,, <) as the finite bi-Esakia co-tree
depicted in Figure 5. Our aim in this section is to prove the following criterion:

Xn

Xy '\ x!

- n
X1
<‘\ x5

xl

1

FIGURE 5. The n-comb ¢,,.

Theorem 5.1. If L € A(bi-GD), then L is locally tabular iff L = J (C%), for some n € Z*.

The above theorem is proved in three steps:

e Step 1: we prove that foralln € Z* and all A € bi-GA, A [~ J(C) iff A |~ B(<);

¢ Step 2: we show that a variety V C bi-GA containing all the algebraic duals of the finite combs
cannot be locally finite;

¢ Step 3: we establish the existence of a natural bound for the size of m-generated SI bi-Godel
algebras whose bi-Esakia duals do not admit the n-comb €, as a subposet.
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The left to right implication of Step 1 is a straightforward consequence of the defining
properties of the Jankov and subframe formulas established in the previous section. As for the
reverse implication, we prove a sufficient condition for it to hold, namely, “if €, order-embeds
into a bi-Esakia co-tree X, then there exists a surjective bi-Esakia morphism f: X — &,”. The
construction of the map f is very lengthy and technical, requiring a heavily combinatorial and
careful manipulation of the clopens of X that will be the f-pre-images of the points in €.

Step 2 is arguably the easiest step. It can be shown by proving that €}, is 1-generated as a
bi-Heyting algebra, for every n € Z". Since the finite combs are arbitrarily large bi-Esakia
co-trees, the assumption that their algebraic duals are all contained in V now yields that there
are arbitrarily large 1-generated algebras in V. Therefore, the 1-generated free V-algebra must
be infinite, and thus V cannot be locally finite.

Step 3 makes extensive use of the Coloring Theorem 2.19. We first show that in a bi-Esakia
co-forest, two particular equivalence relations must always be bi-E-partitions. By assuming that
an SI bi-Godel algebra A is m-generated and A, does not admit ¢, as a subposet, we can use
the definitions of the aforementioned bi-E-partitions, together with the Coloring Theorem, to
not only derive a bound for the depth of A, but also to establish the existence of a bound for
the cardinality of A.

5.1. Step 1. Recall our convention that the “arrow operators” of generating upsets and downsets
bind stronger than other set theoretic operations (e.g., expressions of the form tU ~\ V and
LU NV are tobe read as (tU) \ V and (JU) NV, respectively). We will start by proving two
elementary lemmas about posets. A subset W of a poset is said to be convex if W = |[W N TW.
Since we always have W C |W N 1W, this is equivalent to demanding that [IW N1tW C W.

Lemma 5.2. Let X = (X, <) be a poset and W,V C X. If W is convex, then:
(i) V CIW N Wimplies VNTW = Q,
(ii)) V CtW N\ W implies VN |W = @.
Proof. (i) Suppose, with a view towards contradiction, that x € VN TW. As V C |W, it follows

that x € [WN1TW,ie., that x € W, since W is convex. But then x € V N W, contradicting the
definition of V. Condition (ii) is proved analogously. O

Lemma 5.3. Let X = (X, <) be a poset and W,V C X. The following equivalences hold true:
WNHV =0 < [WN|V =0 < tJWN]V=0.

Proof. By symmetry, it suffices to show the first equivalence, whose right to left implication
follows immediately from the inclusion |V C 1]V. We prove the reverse implication by
contraposition. Suppose x € [WN 1]V, ie, thatx € [Wand y < x, for some y € [V. Then we
clearly havey € [W N |V, as desired. U

For the remainder of this subsection, we fix an arbitrary positive integer n and a bi-Esakia
co-tree X' that admits €, as a subposet. Without loss of generality, we suppose that the co-root
of &, x,, is also the co-root of . The bulk of this subsection will be dedicated to proving
the next result. Notice the use of the symbol & to denote the union of sets which are pairwise
disjoint.

Proposition 5.4. There are clopens X1,...,Xn, X1, ..., X;, C X satisfying:

e (IH.i) For all i < n, we have that X; is a convex set containing x;, that XZ’ is a downset containing xl/-,
and that X; N TLx} = QD forall jsuchthati < j < n;

e THil) I X3 = X1 WX and |X; = X; W X 1 WX, forall1 <i<ny
e (IH.ii) I X; 1 NTXI =@, forall1 <i < n;
e (IHiv) 1X] =1Xq W X] and 1X; = 1X;_1 N 11X, forall 1 <i < n.

We will prove this by induction on m < n. Let us assume m = 1. By the properties of
bi-Esakia spaces,

Y = 1L{x5, ..., x, U lx]
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is a closed set. Moreover, the structure of the n-comb and that of co-trees forces x; ¢ Y. To see
this, notice thatif n = 1 then clearly x; ¢ Y = |x}, and if 1 < i < n, then since X is a co-tree,
x1 € Tlx! would imply either x; < x} or x} < x1, contradicting the order of &,. It follows that x4
is contained in the open set Y, and as bi-Esakia spaces are 0-dimensional, there exists a clopen
V1 satisfying x1 € Vi C Y¢. Again by the properties of bi-Esakia spaces, the following sets are
all clopens:

U1 = ~1/V1 N TVl U{ = \Lul AN U1 W1 = TU{ N U1 W{ = ¢W1 AN Wl.

By the above definitions, it is clear that [W; = Wy W [W], x; € U; and that x] ¢ U;. As
x] < x1, it follows x| € U; = JU; \ Uy, hence x1 € TU; N U; = W;. Consequently, we have
x] € Wj. Now, to see that [W; N Tix; = @, for all j such that 1 < j < n, just note that if this
intersection was nonempty, then by our construction of W; it would follow that V3 N Tix} #+ @,
contradicting the definition of V;.

We now prove that [W; N 1tW; C W ie., that W; is convex. Suppose x € [W; N 1TWj, so
there are y,z € Wy = TU; N U; satisfying y < x < z. Asy € TUj, y < x entails x € tU], so to
establish x € W; we only need to prove x € U;j. By definition, U; = [ V1 N1Vj,s0y,z € U; and
y < x < zyield x € [V N1V = Uy, as desired.

Using Wy = [W; N1W; and the definition of W, it is easy to see that W] is a downset, i.e.,
that W] = |W]. Consequently, we can write

W =W b W] = W W V],

by above.

Finally, we prove that 1W; = 1W; W WJ. To see that the sets on the right side of the equality
are disjoint, just notice that Wi N W] = @ by definition of these clopens, hence the fact that W;
is convex entails 1W; N W] = @, by Lemma 5.2. To establish the inclusion TW; C 1W; & Wj,
suppose x € TW| \ W], i.e, that there is y € W] such that y < x and x ¢ WJ. Since W] C |W;
by definition of W], there exists z € Wj satisfying y < z. As X is a co-tree, we have y < x < z
ory<z<x Ify<x<zeW,thenx € [W3 = W, ¥ W] by above, so x ¢ W] yields
x € Wy CHWi. If y < z < x, then x € TWj since z € W;. We conclude TW] C 1W; & W].

To prove that the reverse inclusion holds, it suffices to show that TW; C 1Wj, since Wj C TW].
To this end, suppose x € TWj, i.e,, that x lies above some y € W; = tU; N Uj. It follows that
there is z € Uj such that z < y < x. Notice that U} = [U; \ U entails z ¢ U, hence
z ¢ Wi C U;. From z < y € Wy, we can now infer z € [W; \ Wy, ie., thatz € W]. Asz < x, it
now follows that x € TW;/, as desired.

If n = 1, just set Xj := W and X} := Wj, and we are done with the proof of Proposition
5.4. So, let us now assume that n > 1. Before continuing, we derive some consequences of the
conditions in our induction hypothesis. They will not only help us in our proof by induction,
but they are essential for proving the main result of this subsection.

Lemma 5.5. Clopens Xy,..., Xm, X},..., X}, C X that satisfy conditions (IH.i-iv) also satisfy the
following conditions:

1L IX3CIXp € C [ Xpand X! C X, forall i < m;
21X C - C1Xo C 11Xy and 1X; C1X], forall i < m;

3 X N1X) =X, N X! = | X;N1X; =@, foralli < j < m;
4. 1Xi1 N Xio =1X =1X[\X], forall i < m;

5. The sets X1,. .., Xm, X1, ..., X, are pairwise disjoint.

Proof. Condition (1) is immediate from (IH.ii), while (2) clearly follows from (IH.iv).
(3) Suppose i < j < m. Since | X; C | X;_1 by condition (1), then (IH.iii) implies

@ =1X:N1X; =X N1X],
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where the last equality follows from the fact that X]’ is a downset, by (IH.i). That the above
intersections are empty already entails @ = 1] X; N iX]’- =TIX;N X]' by Lemma 5.3, and that
1XiN1X; = @, since 1X; C TX]’. by (IH.iv).

(4) Let us start by proving the inclusion 1X;_1 \ X;_1 C 1X;. Suppose that x € 1X;_1 \ Xi_1,
ie, x ¢ X;_1 but thereis y € X;_; such thaty < x. As X; 1 C | X; by (IH.ii), there must be a
z € X;above y. As X is a co-tree, we have y < z < x or y < x < z, with both cases yielding
x € 1X;. The former is clear since z € X;, and if y < x < z, then z € X; and (IH.ii) imply

x€elX, = XWX L‘fJXZ,

By assumption, x ¢ X;_; and x € 1X;_4, so (IH.i) (in particular, that X;_; is convex) entails x ¢
1X;_1. It follows that either x € X; or x € X/. But x € X/ cannot happen, since 1/ X;_1 N X/ = @
by condition (3) proved above. Thus, we must have x € X; C 1X;, as desired.

To prove 1X; C 1X;_1 \ X;_1, notice that 1X; C 1X;_1 by (2), so it suffices to show 1X; N
X;_1 = @, which follows immediately from condition (3) proved above. The equality 1X; =
1X! \ X! is proved analogously, hence we omit it.

We now resume our proof by induction. Suppose that we have clopens Xj, ..., X1,
Xi,..., X, € X satisfying our induction hypothesis, that is, conditions (IH.i-iv). Using
a similar argument as for the base case, we can easily prove x;,, x,, € T1{x), ,...,x;,}. Fur-
thermore, by (IH.i), we know that X,,_1 N Tlx], = @. Notice that this equality clearly implies
1 Xm—1 N Tlx,, = @, hence it follows from Lemma 5.3 that 1] X,,_1 N |x}, = @. As x],, € |x],,
we established x), ¢ 1/X,,_1. Since X is a bi-Esakia space, there must be a clopen U}, satisfying

X € Uy © (P {X g1, 20 U T K1)

We know that x,, € 1lx), by the order of ¢,, so the fact | X,,_1 N T]x], = @ proved above
yields x,, ¢ | X;—1. But, since x,,_1 < x, and x,,_1 € X,,_1, by the structure of ¢, and (IH.i),
respectively, it follows x,, € 1X,,—1. As U}, N1/ X;,—1 = @ by definition of U],, we must
have x,, ¢ |U,,, since otherwise there would exist y € U, satisfying x,, < y, and therefore
ye U, N1X,—1 C U, N11X,—1, a contradiction. We conclude that there exists a clopen Uy,
such that

X € U C (M1, x5 F UL X U LU, )C
As X is a bi-Esakia space, the following sets are all clopens:

e W, = U, NTXu_1 ﬂT\LU,/n, o W, :=X;NIWy, fori<m—1;
e W) = U, NIWy; o WH:=X/N|W,y, fori<m—1.

The following lemma establishes some crucial properties of our newly defined clopens.

Lemma 5.6. The following conditions hold:
1. Wy = LUy NI Wy N TW,
2. W; is convex, for all i < m;
3. \WWp 1t NIW), = Wy, 1 NW), = T W, 1 NW), = Q;
4. Foralli < m,
Wi =1XiNIW,  and (W = | X[ N Wy;

5. Foralli < m,

W= (X NUWy) UtWy,  and — tW] = (1X] N LWy, ) U T W,

Proof. (1) The right to left inclusion is clear, since by the definitions of W,,_; and W,,, we have
W1 € 1X,,1 and tW,, C 11U/, hence

WUy MW, NAW,, C LUy N X1 DU, = W
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To prove the reverse inclusion, let x € W, = [U,, N 1X,,,—1 N U], so there are y € X,,—1 and
z € LU, such thaty,z < x. As x € W,,, we have both

Y€ X1 NIWy, =W, 1 and z € LU, N IW,, = W,,.

Since x € Uy, by definition of W,,, it is now clear that x € [U,, N TW,_1 N 1W},, as desired.

(2) That W,, is convex follows immediately from the easily checked fact that the intersection
of a downset and an upset is always convex.

Now, for i < m, notice that if x € [W; N 1W,, there are y,z € W; = X; N |[W,, satisfying
y < x < z. As X; = [ X; N TX; by (IH.j), it follows that x € X;, and since z € |W,,, we conclude
x € X; NJW,, = W;. This shows |W; N TW; C W;, i.e., that W; is convex, as desired.

(3) We prove that |W,,_1 N TLW,, = @, and therefore that

IWoia N W, = @ = T W1 0 IW;,,

by Lemma 5.3. As W;, is the intersection of two downsets, and thus itself a downset, the
above three intersections are exactly those we want to prove to be empty. We suppose, with
a view towards contradiction, that x € [W,,_1 N TIW/, = [W,_1 N1TW/, i.e., that there are
y € W), and z € W,,_; satisfying y < x < z. AsW,, C U, and Wy,_1 C Xy_1, ¥ < z
entails y € [Uj, N | Xy—1. It follows that U, N 11 X,,_1 # @, contradicting the definition of
u,, C (M4 Xm-1), as desired.

(4) Let us first prove |W; = | X; N |[W,, for i < m. The left to right inclusion is clear, since
W; = X; N W, For the reverse inclusion, suppose that x € | X; N [W,,, i.e., that there are z € X;
and y € W,, such that x < y,z. As X" is a co-tree, we have x < z < y or x < y < z. The former
clearly yields x € |W;, since in this case we have z € X; N |[W,, = W;. We now prove that
x < y < z cannot happen. For if this was the case, we would have z € X; N tW,,, C | X; N TW,,,,
hence Lemma 5.5.(1) (in particular, that | X; C | X,,,_1) yields

X1 N T Wy # ©.

Since W,, C 1]Uj, by definition of W,,, it now follows that | X,,_1 N 1T/U,, # @. By Lemma 5.3,
this is equivalent to 7). X,,,_1 N LU, # @, which clearly implies 1] X,,,_1 N U, # @, contradicting
the definition of U,, C (11 Xy,—1)°".

To prove the nontrivial inclusion of [W/ = | X! N |W,,, i.e., that | X] N |[W,, C [W/, suppose
that x < z,y, for some z € X{ and y € W,. As X is a co-tree, we have either x < z < y
or x < y < z. The former case immediately yields x € |[W/ = [(X]/ N |W,,), and the latter
again yields a contradiction. To see this, notice that we would then have z € | X; N 1W,,, since
X! C |X; by (IH.ii), but we just proved above that | X; N TW,, # @ cannot happen.

(5) We start by proving

TW; © (1X3 0 L W) UT W,

Suppose that x € TW; = 1(X; N {Wy,), so thereis y € X; N |W,, such thaty < x. Asy € [W,,
we have y < z for some z € W,,. Since X is a co-tree, it follows that y < x <zory <z < x.
Ify <x <z thenx € 1X;N{W,y,, and if y < z < x, then x € TW,,. Since both cases yield
x € (1X; N {Wy,) UTW,,, we are done.

Now, for the other inclusion, suppose that x € 1W,,, i.e, that z < x for some z € W,,. By
definition of this set, we know W,, C 1X,,_;. Furthermore, by applying Lemma 5.5.(2) we get
the inclusion W,, C 1X,,_1 C 1X;. Hence, thereisy € X; N |W,, = W; satisfying y < z < x,
and therefore x € TW;. It is an easy to see that 1X; N [W,, C TW;, thus establishing the desired
inclusion.

That TW/ = (11X} N | Wy,) U TW,, is proved analogously. O

In order to satisfy (IH.ii), we would like to have the following equality:

Notice that W}, is a downset by definition, and that W,, C 1W,,_1 N tW;,, by Lemma 5.6.(1).
Consequently, from condition (3) of the same lemma we can infer that the 3 clopens on the right
side of the above equality are in fact pairwise disjoint. To see this, notice that J{W,,_1 N tW,, = @



30 NICK BEZHANISHVILI, MIGUEL MARTINS, AND TOMMASO MORASCHINI

yields that |W,,_1 is disjoint from W), and from W,, C 1W,,, and that T/ W,,_1 N W,, = @ yields
that W}, is disjoint from W,,, C TW,,_1.

Although W, & [W,,,_1 & W, C |W,, follows immediately from the definitions of W,,_; and
W, nothing in our construction ensures that the reverse inclusion holds true. In other words,
there can be points lying strictly below W,, which are not contained in |W,,_1 U W,,, that is, the
set [Wy, . (Wi, U JW,,_1 UW;,) can be nonempty. We will now characterize these inconvenient
points.

Definition 5.7. A point x € [W,, \ (W, U W,,,_1 UW,,) is a 2-point if
LN W1 £ D £ Lx AW,

We will prove that 2-points (they are called as such because their downsets intersect with
both |W,,_1 and W,,) do not exist. But first, let us show a helpful equivalence.

Lemma 5.8. If x € [Wy, \ (Wy, ULW,,,_1 UW},), then
LxﬂLWm,l 7& QD <= ixﬂWm,l 7é @

Proof. The right to left implication is clear since W,,_1 C |W,,_1. For the other direction,
suppose that y € |x N [Wy_1. Asy € [W,,_1, there exists z € W,,_; such that y < z, and
since X is a co-tree, we havey < x < zory < z < x. Buty < x < z cannot happen, since
z € Wy—1 and x € |[W,,_1 by assumption. Thus, we must have y < z < x, and it now follows
thatz € Jx N W,,_1, as desired. O

Now, let us suppose that x is a 2-point, so, in particular, we have x € [W,, \ W,,. Using the
previous lemma, our assumption on x yields

\l/xmwmfl #®#\1/me1{”/
ie., that x € TW,,_1 NTW,,. As Wy, C [U,, by definition of W,,, x € |W,, now entails
x € LUy NIWyo1 NAW), = W,

where the equality above follows from Lemma 5.6.(1). But this contradicts our assumption
x ¢ Wi, We conclude that 2-points do not exist, as desired.

Definition 5.9. A point x € [W,, \ (W, U W,,,_1 UW,,) is a 1-point if
XxNIW, 1 D= xNW,.

Equivalently, when
IXNWy 1 #0=1xNW,,.

The next lemma provides an equivalent characterization of 1-points, which are called as such
because their downsets intersect with only one of |W,,_1 and W, (namely, with |W,,_1).

Lemma 5.10 (1-point Lemma). If x € X, then x is a 1-point iff x € TWy,—1 ~ (Wy—1 U TWy,).

Proof. Let us first prove the left to right implication. Suppose that x is a 1-point, so by definition
we have x € (W, \ (W, UW,,,_1) and Lx N W,,_1 # @, i.e., thatx € TW,,_1. This already shows
that x € TW,,—1 \ Wy,,_1, so it remains to prove that x ¢ 1W,,. But we know x € [W,, \ W,, by
above, so the fact that Wy, is convex proved in Lemma 5.6.(2) forces x ¢ 1W,,, by Lemma 5.2.
To prove the reverse implication, let us assume x € TW,,_1 ~ (W1 U TW,,). Since this
already entails x ¢ Wy,,_1 UW,, and |x N W,,_1 # @, to establish x as a 1-point it remains to
show x € [W,, \ W,, and |x N W), = @. Equivalently, that x € [W,, \. tW,,. Since x € TW,,_1,
there exists y € W,,,_1 such that y < x. By the definition of W,,_1 = X, _1 N [W,;,, wehavey < z
for some z € Wy,. As X is a co-tree, it follows that y < z < x or y < x < z. The former cannot
happen, since z € W, and by hypothesis x ¢ 1W,,. Hence, we have y < x < z, and we proved
x € JWy,. To see that x ¢ TW;,, just notice that W,, C [ U,, by definition, so x < z € W,, entails
x € Uy Asx € tWy_1 and x ¢ W, by assumption, the fact W, = (U, N TW,,_1 N TW,,
proved in Lemma 5.6.(1) clearly implies x ¢ tW,,. 0
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In analogy with the previous definition, we define the 1’-points and provide an equivalent
characterization for them, whose proof we skip since it uses a very similar argument to the one
detailed above. Notice that 1’-points are called as such because they intersect with only one of
IWy,—1 and W), (namely, with W},).

Definition 5.11. A point x' € [W,, \ (W, U [W,,_1 UW,,) is a 1-point if
W NIW, 1 =0 # X nw,,.
Lemma 5.12 (1’-point Lemma). If x’ € X, then x' is a 1-point iff x' € TW,, ~ (W,, U TWy,).

The following auxiliary lemma provides some sufficient conditions for a point in & to be
a 1-point or a 1’point. They will not only help us in the characterization of the inconvenient
points, that is, the points in {W,,, ~. (Wy, U [ W,,,_1 UW],), but we can also use these conditions
to deduce easily that 1-points and 1’-points are incomparable.

Lemma 5.13. The following conditions hold, for any y € X:

1. Ify € (Wi ~Wy)NTxory € (tTWy—1 ~ Wy—1) N 1x for some 1-point x, then y is also a 1-point;
2. Ify € (Wi N~ Wy) Nt ory € (W), ~ W,,) N Jx’ for some 1"-point x', then y is also a 1"-point;
3. 1-points and 1'-points are incomparable.

Proof. (1) Suppose that y € (LW, . W,,,) N Tx, for some 1-point x. We prove that y is contained
in tTWy,—1 ~ (Wy—1 UTWy,), i.e., that y is a 1-point, by Lemma 5.10. As W,, is convex by Lemma
5.6.(2), our assumption y € |W,, \ W,, already entails y ¢ 1W,,, by Lemma 5.2. Furthermore,
as 1-points are contained in 1W,,_; by definition, x < y yields y € 1W,,_1. Finally, to see that
y & Wy,_1, notice that otherwise we would have x € |W,,_1, contradicting the assumption that
x is a 1-point. We conclude that y is indeed a 1-point, as desired.

Suppose now that y € (1Wy,—1 \ Wy,_1) N |x for some 1-point x. By the 1-point Lemma 5.10,
we know that x ¢ tW,,. Consequently, we must have y ¢ 1W,,, since we assumed y < x. It
follows that y € TW,,_1 ~\ (Wy,—1 UTW,y,), ie., that y is a 1-point, by the aforementioned lemma.

(2) This is proved analogously to condition (1) above, but in place of the fact that W, is
convex, we use that W, is a downset.

(3) Let x be a 1-point and x’ a 1’-point. Recall that, by definition, both points lie in W, \. W,.
If x < &/, then ¥’ € (JW,, ~ Wy,,) N Tx, so ¥ is a 1-point by condition (1) proved above. If
x" < x, then x € ({W,, \ Wy,) N 1%/, hence x is a 1’-point by condition (2) proved above. Both
cases yield a contradiction, since the definitions of 1-points and 1’-points are clearly mutually
exclusive. O

We will now define the last class of points that we will need to fully characterize the set of in-
convenient points | Wy, . (W, U [ W,,_1 UW,,). They are called 0-points because, unsurprisingly,
their downsets do not intersect with | W,,_1 nor with W},.

Definition 5.14. A point x € W, . (Wy, Ul W,,,_1 UW],) is a O-point if
xNIW, 1 =0 =1xNW,,
and x does not lie below a 1-point, nor below a 1’-point.

Remark 5.15. It is clear by the definition above that points lying below 0-points must also be
0-points.

We can now use the mutually exclusive nature of the definitions above (just notice which
intersections are empty and which ones are not in their respective definitions) to fully character-
ize the points in Wy, . (W,,, U [W,,_1 UW,,). They are, and this will be proved shortly, of five
distinct forms:
¢ 1-points;
¢ points which are not 1-points but lie below a 1-point;
¢ 1’-points;
¢ points which are not 1’-points but lie below a 1’-point;
¢ (-points.
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Our solution to “deal” with these inconvenient points is the following: 1-points will be added
to W,,_1; points which are not 1-points but lie below one will be added to Wr’n_1 ; I’-points, their
downsets, and 0-points will all be added to W;,.

Note that by the 1-point Lemma 5.10, the set of 1-points can be written as

Z = TWpu_1\ (Wm—l U Twm)/
and is therefore a clopen. Note as well that the set of inconvenient points which are not 1-points
but lie below a 1-point takes the form of
VZ N (ZUWyia),

which is clearly a clopen as well. Finally, let us denote the set of 1’-points by Z’ and the set of
0-points by Zy. As X is a bi-Esakia space, the following sets are all clopens:
* Vi1 =Wy 1UZ;
VI =W, JULZN(ZU[Wy_1)];
o Vi = 1Wiu~ (W, UlV,_1).

We will now prove that the definition of the set V,, complies with our “solution” stated above,

that is, V}, is simply W, together with all the 0-points and all the points in the downsets of
1’-points.

Lemma 5.16. The following equality holds:
Vo, =W, UlZ"UZ,.
Proof. We start by proving the left to right inclusion. Suppose that x € V), i.e., that x €

Wi N (W, UV, ). If x € W/, we are done, so let us assume otherwise. It now follows from
our assumption on x and the definition of V,,_1 = W,,_1 U Z that

x € JWy ~ Wy UL W, 1 UW)).
Since we proved that 2-points do not exist, Jx N[ W,,_1 # @ # |x N W,, cannot happen. If
XN IWyoy £0 = LxNW),
then x would satisfy the definition of a 1-point, i.e., x € Z. But this contradicts our assumption
x¢&Vyu_1,sinceZ CV,_1.1f
XNIW, 1 =0 # xNW,,
then x satisfies the definition of a 1’-point, i.e., x € Z’, and we are done. Finally, suppose
xNIW, 1 =0 =]xNW,,.

Since the case x € |7’ is immediate, let us assume otherwise, i.e., that x does not lie below
a 1’-point. Since we also assumed x ¢ |[V,,_1 = |(W,,_1 U Z), in particular, that x cannot lie
below a 1-point, it now follows that x satisfies the definition of a 0-point, i.e., x € Zj, and we
are done. We conclude V;, C W, U |Z' U Z, as desired.

We now prove that W, U [Z' U Zy C V), = [W,, \ (W, U ]V,,_1). Let us start by showing

W, ULZ'UZy C Wy W,

That W,, C |W,, \ W,, was already proved above (see the comment before the definition of
2-points), and that | Z' U Zy C |W,, \. W,, follows immediately from the definitions of 1’-points
and 0-points.

To establish the desired inclusion, it remains to show W, U |Z' U Zy C [Wy,, \ | V,,_1. As we
already know W, U |Z' U Zy C |W,,, it suffices to show

(W,; U iZ/ U Zo) NIVu1 =@
We will prove this by noting that
(W, ULZ"UZo) N V1= (W, NIV 1) ULZ' NIV 1) U(ZoN V1),

and showing that the three intersections on the right side of the above equality are all empty.
Recall that | V,,_1 = [Wy,_1 U lZ, by definition. That W,, N ({W,,_1 U Z) = @ follows from
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Lemma 5.6.(3) and the definition of 1-points. To see that | Z' N (| W,,—1 U }Z) = @, recall that
1Z N | Wy,_1 follows immediately from the definition of 1’-points, and note that as 1-points and
1’-points are incomparable (see Lemma 5.13.(3)), the fact that X" is a co-tree forces | Z N [Z' = @.
Finally, that Zo N (JWy,,—1 U 1Z) = @ is immediate from the definition of 0-points. O

We are finally ready to finish our proof by induction. To improve the readability of what fol-
lows and for ease of reference, below we re-label some of our clopens, restating their definitions
as well as some useful equalities:

Vi=W,=X;Nn Wy, foralli <m—1;

V=W =X/ N|Wy,foralli <m—1;

W1 = Xpo1 NI Wy,

W = X1 N W

WI{Vl = J/ur,n N Wi

Viner =Wy 1 U Z;

* Vo1 =Wy 1 ULZN (ZUIWy1));

o V) =IWu~ (W, UlV,_1) =W, UlZ' UZ;

e V=W, = U, N1 X1 NHUL, = LUy NAW, 1 NTWY L

Recall that x; € Uj, x; € U/ and that U] C (Tix;)c, for all i < j < n. These facts will be used
repeatedly in the next proof.

Proposition 5.17. The clopens Vi,...,Vy, Vi,..., Vs, C X satisfy condition (IH.i), that is, for all
i < m, we have that V; is a convex set containing x;, that V! is a downset containing x;, and that
ViNtlx; =@ forall j such that i < j < n.

Proof. Firstly, we show that the statement holds when i = m. As x,,,_1 € X,,—1 by (IH.i) and
x;, € Uy, by definition of Uj,, it follows x,, € 1X,,—1 N 1)U, since x},, < x,, by the order of &,.
As we also know x,, € Uy, by the definition of this set, we indeed have

Furthermore, that this set is convex was already established in Lemma 5.6.(2).

We stated above that x), € U}, so x, < x,, € Wy, now yields x}, € [U, N |W,, = W,,.
As W,, C V, by Lemma 5.16, it follows x),, € V;,. Note as well that this lemma also implies
that V}, is a downset, since it is characterized as the union of three downsets (recall that
W, = U, NIW, and |Z' are downsets by definition, and that Z; being a downset is an
immediate consequence of the definitions of 0-points, since any point lying below a 0-point
must also be a 0-point).

Finally, that |V}, N T¢x} = @ for all j such that m < j < n, follows easily from the definitions
of Viy and U, since Vi = Wi € LUy and Uy © (T4x7)°".

Suppose now that i < m — 1. By (IH.i), we know that x; € X; and x} € X!. As x,, € W, by
above, the order of ¢, yields both x; € X; N [W,, = V; and x; € X/ N |W,, = V;. Moreover,
that V; = W; is convex was already established in Lemma 5.6.(2), and since X is a downset by
(IH.i), it is clear that V/ = X! N |W,, is also a downset. It remains to show V; N Tix} = @ for all
jsuch that i < j < n, which follows easily from the definition V; = X; N [W,, C X; and from
XiN Tix; = @ by (IH.i).

It remains to consider the case i = m — 1. By an argument similar to the one detailed for the
previous case, we can easily show that x,,_1 € Wy,_jand x], ; € W, ;. AsW,,_1 C V},_1 and
W), _, C V) _, by the definitions of V,,_; and V,,_;, we have x,,_1 € V,_1and x), , € V, ;.
To see that V,,,_1 = W,,_1 U Z is convex, i.e., that [ V,,_1 N 1V,,,_1 C V,,_1, recall that W,,,_1 is
convex by Lemma 5.6.(2) and that Z C 1W,,_; by the definition of 1-points. It follows that

\ermfl N Tvmfl = (i/wmfl U ¢Z> N (Twmfl U TZ) = (\lrwmfl U \LZ) N Twmfl
= (\LWm—l N TWm—l) U (\LZ N TWm—l) =Wn1U (\LZ N TWm—l)-
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Thus, to show that V,,_; is convex, it suffices to prove the inclusion | ZN{W,,_1 C W, _1UZ =
Vin—1. As Z is the set of 1-points, this inclusion is an immediate consequence of Lemma 5.13.(1),
and we are done.

We now prove that V), _, =W, | U[lZ\ (ZU|W,_1)]is a downset. Recall that X], , isa
downset by (IH.i), hence W/, | = X/ | N |W,, is also a downset. To see that |Z \ (Z U |W,,_1)
is a downset as well, we suppose otherwise and arrive at a contradiction. Assume that there
are x and y satisfying x € |Z~\ (ZU[Wy,_1),y € 1Z~ (ZU{W,,_1), and y < x. Notice that
there must exist z € Z such that x < z, hence y < x < z forces y € | Z. This, together with our
assumption on y, yieldsy € ZU [W,,,_1. If y € Z, then we have x € |ZN1Z. But we know
that Z is convex (this is an immediate consequence of Lemma 5.13.(1)), so it follows x € Z,
a contradiction. If y € [W,,_1, then there is w € W,,_; such that y < w. Since & is a co-tree,
y < w,xentailsy < x < wory < x < w. The former cannot happen, since x ¢ |W,,_1 by
assumption, so we must have y < w < x. It follows x € (TWy,_1 \ Wy,_1) N ]z, and since z is a
1-point, Lemma 5.13.(1) now yields that x is a 1-point, i.e., that x € Z, another contradiction.
We conclude that no such y can exist, that is, that |Z \ (Z U [W,,_1) is a downset. Thus, V,
is the union of two downsets, and therefore a downset, as desired.

Finally, we prove that | V,,,_1 N Tix} = @, for all j such that m — 1 < j < n. By the definition
of V,,_1, we have

W1 NG = (W1 UZ) N Lxg = (LWy1 ULZ) N 1.

Since W,,,_1 = X;1 NIW,, C X,;,—1 and we know X,;, 1 N Tix} = @ by (IH.i), it suffices to
show
+ZN Tix} = Q.

If j > m, then this already follows from the equality V;, N Tix; = @ proved above, since

1Z C (W, = |V}, by the definition of 1-points. If j = m, then as x), is contained in the downset
W), by above, we can use the definition of 1-points, in particular, that | Z N W, = @, to conclude
ZNtlx), = @. O

In the next result, we will use the conventions Wy, Xo, W}, X{, € {@}.

Proposition 5.18. The clopens Vi, ..., V,,, V], ..., V,, C X satisfy condition (IH.ii), that is, for all
i < m, wehave |V; =V; W |V, &V,

Proof. We first show that [W; = W; & J]W;_1 W W/, for all i < m — 1. Recall that in this case, we
have W; = X; N [W,, and W/ = X! N [ W,,, by the definitions of W; and W/, respectively. Recall
as well that JW; = | X; N {W,,;, and |[W;_1 = [ X;_1 N JW,, follow from Lemma 5.6.(4), and that
we assumed | X; = X; W | X;_1 W X/ in (IH.ii). Compiling all of these equalities yields
Wi ULWi g UW! = (XN AW ) U (UX21 N W) U (XD N LWy )

= (X UlX;1 UXD) N W, = 1X N LWy,

= |W,.
As the clopens X;, | X;_1, X/ are pairwise disjoint by (IH.ii), and since they contain W;, [ W;_1, W/,
respectively, we conclude

W = W W LW W W] (5)

foralli < m — 1, as desired. Since, by definition, we have V; = W; and V]/ = W]-/ forallj <m—1,
we just proved that the statement holds when i < m — 1.
Next we prove the case where i = m — 1, that is, we establish the equality

\I/Vm—l =V W \LmeZ W Vn,q_l-
Equivalently (using our previous notation), we prove

LWy q1UZ) = Wy 1 UZ)W Wy oW (W), ULZ N (ZUIW,1)]).
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Using the equality [W,,—1 = W,,_1 W [W,,_o W W, _,, a particular instance of (5) proved above,
we can re-write

(W1 UZ)U Wy U(W)_ ULZ N (ZUIWy-1)])

(W1 UIWy oUW YU (ZULZ N (ZU I Wy-1)])

iwmfl U (Z U HZ ~ (Z U ermfl)])
Since we clearly have | (W,,_1 UZ) = [Wy,_ 1 UlZ = [Wy_1 UZU[LZ N (ZU[W,_1)], the
above display now entails
LWy 1UZ) = Wy 1 UZ)U Wy 2 U (W), U[LZ N (ZU Wy 1)]).

To finish the case i = m — 1, it remains to show that the three sets on the right side of the
above equality are pairwise disjoint. We again rely on

in—l = Wn14 \LWmfZ S W;;171~

Not only this equality yields that W,,_1, |W,,—», and W], _, are pairwise disjoint, but also that
IWy—2 € W, _1. Since 1-points (i.e., the elements of Z) are by definition inconvenient points
(i.e., the elements of W, . (W, U |W,,_1 U]W),))), the previous inclusion ensures Z N [W,,,_, =
@. This proves (Wy,,_1 U Z) N [W,,_o = @. Again using the inclusion |W,,_» C |W,,_1, we infer
that

W NLZN(ZUIW,1)] = O,
and since |W,,_» "W/ | = @ was already established above, we conclude

W2 0 (Wy,_g ULZ N (ZUIW1)]) = @.

To see that (W,,_1UZ) N (W), _JU[Z \ (ZU[Wy_1)]) = @, notice that: W,,_; and W/,
are disjoint by above; W,,_1 and Z are clearly disjoint from |Z ~ (ZU|W,,_1); and that Z N
IW,,—1 = Dby the definition of 1-points, so the fact W, _; € |W,,_; (an immediate consequence
of (5)) now yields ZNW,, _, = @. Concluding, and returning to our current notation, we proved

~1/Vm—1 =Vn W \LmeZ W Vr:q—l'

Finally, the case where i = m follows immediately form the definitions. Recall that V,,, = W,,,
Vm—l = Wm—l U Z, Wm—l = Xm—l N \I/Wm; Vrln = in N (Wm U \LVm—l)/ and that Z - in by
the definition of 1-points. This ensures

Wy = Wy Ul (W1 U Z) U (UWi N (Wi UL (W21 U Z)]),
that is,
W =Vu UiV, 1uV).
That V), = [ Wy, \ (W, U [V,,_1) is disjoint from both W), (i.e., from V,,) and V,,_1 is clear. To
see that [ V,,_1 NV, = @, i.e., that [(W,,_1 UZ) N W,, = @, recall that {W,,_1 N W,, = D is an
immediate consequence of Lemma 5.6.(3) (since W,, C 1W,,), and that |Z N W,, = @ by the
definition of 1-points. Thus, we have

Wi =V WV 16V, d

Proposition 5.19. The clopens V1, ..., Vy, V{,..., V, C X satisfy condition (IH.iii), that is, for all
1 <i < m, wehave [Vi_1 N1V =@.
Proof. The case 1 < i < m — 1 follows immediately from the definitions and (IH.iii), since
Viei =Wii1 = X NAW,, V) = W = XN [ Wy, and [ X1 N1X] = O.
Suppose thati =m —1. As Vjy_p =Wy, 0and V), =W, | U[LZ~\ (ZU]W,,_1)] by their
definitions, what we want to prove is
\lfwm—Z N T(ern—l U [\I/Z ~ (Z U \I/Wmfl)]) =Q.

Using the same argument as for the previous case, we can easily show that |W,,_» is disjoint
form tW, _,. Therefore, it only remains to prove

Wi 2NTLZ N (ZU W, 1)] = O.
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Let us assume otherwise, so there are w € W,_p and z € [Z \ (Z U [W,,_1) satisfying z < x <
w, for some x. In particular, we have z < w. Using the inclusion |W,,—» C |W,,_; established
in the proof of the previous result, z < w and w € W,,_, yield z € |W,,_1, contradicting our
assumption z ¢ [W,,_1. We conclude that there is no such x, i.e., that

W2 N1V = IWpa N (Wy g ULZ N (ZUIW,1)]) = O,

as desired.
Finally, we show that | V,,,_1 N1V, = @. Using the definition of V,,_; and the equality proved
in Lemma 5.16, that the previous intersection is empty can be written as

HWast UZ) N (W U LZ' U Z0) = @.

Equivalently,
(W1 ULZ) 0 (TW), U T2/ U1 Z0) = @.
That | W,,_1 is disjoint from 1W,, was already established in Lemma 5.6.(3). To see that {W,,_1 N
1Zy = @, suppose otherwise, so there are w € W,,_1 and z € Z satisfying z < x < w, for some
x. This implies z € | W,,_1, a contradiction, since 0-points (i.e., the elements of Zy) are defined to
be in Wy, \ (Wy, Ul Wy,—1 UW],). By Lemma 5.3, [W,,_1 N 112" = Qiff [W,,_1N]Z = @, and
the latter equality is immediate from the definition of 1’-points, since the downsets generated
by the points in Z’ are disjoint from |W,,_1. All of this establishes
Wit N (TW,, UTNLZ'UTZ)) = ©,
so it remains to show
12N (W, UtlZ' UtZ) = @.
Again using Lemma 5.3, and the fact that W}, is a downset, we see that [Z N1TW,, = Q@ iff
1ZNW,, = @. Just note that the latter equality is clear, since the downsets generated by 1-points
are defined to be disjoint from W},. The aforementioned lemma also yields the equivalence
1ZN1lZ' =@iff |ZN]Z' = @, whose right side condition can be easily deduced using the
fact that 1-points and 1’-points are incomparable (see Lemma 5.13) together with the co-tree
structure of X. Finally, to establish that |Z and 1Z, are disjoint, simply recall that by definition,
0-points do not lie below 1-points. Therefore, we have proved
\ZN (AW, U2/ UtZe) = @,

and we are done. O
Proposition 5.20. The clopens V1, ..., V,, V..., V, C X satisfy condition (IH.iv), that is, we have

V) = Vi w V] and 1V; = 1V, N1V,
foralll <i< m.

Proof. Let us start by noting that forall 1 <i < m — 1, we have
TWi—l N Twil = ((TXz'—l N \me) U Twm) N ((TX{ N iwm) U Twm)
= ((TXifl N \me) N (TX; N \l/Wm)) U T Wi,

= ((1Xi=1 N 1XE) VL Wi ) Ut Wy (6)
= (TXI N iwm) UTWy,
=T,

where the first and last equalities follow from Lemma 5.6.(5), the second and third follow from
the distributivity of the set theoretic operations, while the fourth uses our assumption (IH.iv),
namely, that 1X; 1 N 1X] = 1X;. As V; = W and V].’ = Vj’ for all j < m — 1, we just proved
tVi=1Vieg NV foralll <i<m—1.

We now prove that 1V,,,_1 = 1V,,_o N1V, _,. The left to right inclusion is straightforward.
Just note that Z C tW,,_1 by the 1-point Lemma 5.10, so using the definition of V,,,_1 =
Wy,—1 U Z yields

MWin-1 = T(Wm—l U Z) = tWy-1.
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Consequently, to show that the desired inclusion holds it suffices to prove tW,,_1 C V2 N
1V,,_. Just recall that, by their respective definitions, we have V;,_» = Wy, ,and W, _, C V, ,,
hence the previous inclusion is now immediate from the equality

TWie1 = TWu2 N TW,, 4,

a particular instance of (6) proved above.

To see that 1V;,—» N1V, _; € 1V,,_1, let us suppose that x € 1V;,_» N1V, _,. Note that by
Proposition 5.19, we know that [V, > N1V, _; = @. As V] _, is a downset by Proposition
5.17, the previous equality is equivalent to | V,,_o N 1/ V/ | = @, which in turn is equivalent to
T V2 N]V, | = @by Lemma 5.3. In particular, this implies that if x € 1V;,_o N1V, _,, then
x ¢V ,,sowemusthavex € tV/  \V/ ..

We now prove that TV];_l N V,;l_l C 1Vju—1, thus establishing our desired inclusion 1V;,—» N
Wi € V1. fx € 1V, NV, _,, then there exists y € V, _; such that y < x. As
V! 1 € }Vu_1 by Proposition 5.18, there must be a z € V,,_1 such that y < z. Since X is a
co-tree, we have y < z < x or y < x < z, and both possibilities yield x € 1V,,_1. The former is
clear, since z € Vj,,_1. Assuming y < x < z entails x € |V,,,_1. Equivalently,

x € Vy 1WlV, oWV,

by Proposition 5.18. By hypothesis, x € 1V _, \ V) _;, so we not only know x ¢ V/ _,, but we
can also infer x ¢ |V;,_», since | V,,_» N1V, _; = @ by Proposition 5.19. Thus, we must have
x € V1 € 1V,,_1, as desired. We conclude

Tvmfl = TVm—Z N TVrlrzfl'
To finish the proof of the second part of the statement, it remains to show that
Vi = TV 1 N1V

Let us recall the characterization of V;, = Wy, = [U,, N TW,,—1 N TW], given in Lemma 5.6.(1),
the definition of V,,,_1 = W,,_1 U Z and the equality V,, = W, U |Z' U Z established in Lemma
5.16. Notice that from the three previous equalities it is clear that the desired left to right
inclusion holds true, so let us prove the reverse inclusion.

By the 1-point Lemma 5.10, we know that Z C tW,,_;. Similarly, the 1’-point Lemma 5.12
yields Z" C 1W,,. Consequently, we have both 1Z C 1W,,_1 and 1Z’ C tW;,,, hence what we
need to prove can be written as

W1 NV =t (Wu 1 UZ) N (W, U LZ" U Zy)
= TWy—1 N (TW,, UTLZ" U 1Z)

To see that TW,,_1 N TW,, C 1W,,, suppose that x € TW,,_1 N TW],, so there exists w € W,,_1
such that w < x. As Wy,_1 = X,,—1 N W, by the definition of W,,_1, there mustbeay € Wy,
satisfying w < y. So w < x,y yields x < y or y < x, since & is a co-tree. If y < x we are done, as
this implies x € 1W,,. If x < y, then notice thaty € W,,, = [ U, N TW,,_1 NTW,, entails x € [U,,.
This, together with our assumption x € tW,,_1 N1tW;,,, yields x € [U, N1tW,_1 NTW,, =
Wy, € TW,,, as desired.

Let us now prove that TW,,_1 N 11Z" C tW,,. Suppose x € tW,,_1 N 1]Z’, so, in particular,
there are z/ € Z' and y € |7z’ satisfying y < z/,x. Since X is a co-tree, this entails x < 2’ or
z/ < x. But x < 2’ cannot happen, as our assumption x € 1W,,_1 would then force z’ € TW,,_1,
contradicting the definition of 1’-points (more specifically, that their downsets are disjoint
from Wy,_1). Thus, we must have z’ < x. As mentioned above, the 1’-point Lemma 5.12
ensures 7 € TW,, so z/ < x now implies x € tW,,. This, together with our assumption
x € Wy, yields x € TW,,_1 N TW;,,. Since we proved in the previous paragraph that
TWy—1 NTW,, C T W, we are done.

It remains to show TW,,,_1 N 1Zy C TW,,. Take x € TW,,_1 N 1Zy and suppose, with a view
towards contradiction, that x ¢ {W,,. Recall that Zy C |W,, by the definition of 0-points, so
x € 1Z¢ implies that there are z € Zp and w € W), such that z < x, w. As X is a co-tree, we have
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x <worw < x. Butw € W, and we assumed x ¢ TW,,;, so we must have x < w. This shows
x € Wy, \ Wy,. Furthermore, that z < x and z € Z; forces x ¢ J|W,,_1 UW;,,, since 0-points are
defined to lie outside of this union (recall that W,, = U, U [W,, is a downset by definition).
We have proved
x € {Wy N~ (W, ULW,, 1 UW)),
i.e., that x is an inconvenient point. This, together with our assumption x € TW,,_1, implies
1xN{Wy,—1 # @, by Lemma 5.8. Recall that 2-points, that is, inconvenient points satisfying

nNW, 1 #D # lunwj,,
do not exist. Therefore, it follows that x is an inconvenient point satisfying
xNIW, 1 #D = xNW,,

i.e., x satisfies the definition of a 1-point. But now our assumption x € 12 yields a contradiction,
since by definition, no 0-point lies below a 1-point. We conclude that x € TW,, = 1V}, as desired.
Therefore, we have established
Wi =1TVi—1 N TV;;W

and finished the proof that the second part of the statement holds.

Finally, let us show that 1V = 1V; & V. Notice that the definitions of V; and V| depend on
whether m > 2 orm = 2. If m > 2, we need to prove that V] = W] = 1W; & W]. Using the
definitions of these clopens, together with Lemma 5.6.(5) and (IH.iv), we have

W = (1X] NIWy) UTW, = (1X1 U X)) N IWy) U W,
= ((1X1 N4 Wi) U (X5 N W) U T Wi
= ((Txl N iwm) U Twm) U (Xi N \me) =TWi U W{

To see that TW; and W] are in fact disjoint, notice that W] C |W; \. W; by Proposition 5.18 and
that W; is convex by Proposition 5.17, so 1W; N W] = @ follows from Lemma 5.2. We have
proved 1V = 1V W V] if m > 2, as desired.

Suppose now that m = 2. Recall that we proved above 1V, _, \ V) | C 1V,,_;. Since we
are assuming that m = 2, this means V] \. V/ C 1V}, and it is now clear that V| C 1V U V].
To prove the reverse inclusion, noting that clearly V| C 1V], it suffices to show 1V; C V], i.e,,
that 1(W; U Z) C 1V]. Equivalently, that TW; C 1V/, since Z C tW; by the 1-point Lemma
5.10. By using the same argument as above, we can show that TW| = 1W; U W], and thus infer
TW, C tW] C 1Vj, as desired. We have proved that the equality V] = 1V; U V] holds, so it
remains to show that the sets on the right side are disjoint. Just notice that as Vl’ cClviW»
by Proposition 5.18 and V; is convex by Proposition 5.17, 1V; N V] = @ follows from Lemma
5.2. O

With the four previous results now proven, we have finished the induction step of our proof
by induction, thus showing that Proposition 5.4 holds true. We are finally ready to prove the
main result of this subsection:

Theorem 5.21. Let n € Z*. If X is a bi-Esakia co-tree, then X admits the n-comb €, as a subposet iff
¢, is a bi-Esakia morphic image of X.

Proof. We first prove the left to right implication. Suppose that X admits ¢, as a subposet.
Without loss of generality, we can assume that the co-root x,, of €, is identified with the co-root
of X. By Proposition 5.4, there are clopens Xj, ..., X, Xi, Lo X CX satisfying:

(i) For all i < n, we have that X; is a convex set containing x;, that X/ is a downset containing
x}, and that X; N Tix} = @ forall jsuch thati < j < n;

(i) X1 =X1WXjand [ X; = X; W[ X; WX, foralll <i < n
1 i
(iii) IX; 1 NTX =@, foralll <i<n;
(iv) X, =1X W X, and 1X; = 1X;,_1NTX,, foralll <i < n.
1 1

i’
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Notice that since x,, is the co-root of X, then x,, € X,, entails | X,, = X. By successive applications
of condition (ii) to this equality, we have
X =1Xy=X, WX, 16X, = (X, WX, WX, 1
= (XWX W (X, 1WiX, 26X, 1)
= (XpWX)) W (X1 WX, 1) WXy
= (Xp WX, 1 WX, WX, 1) WX, 2

n n
=---:@XiLﬂLﬂXf-
i=1 i=1
We define the map f: X — &, by
x; ifz e X;,
o= {5 gy

x, ifze X,

and prove that it is a surjective bi-Esakia morphism. That f is well-defined follows immediately
from X = WL, X; W, X]. Moreover, since for each i < n, X; and X/ are clopens containing
x; and x}, respectively, it is clear by definition that f is both continuous and surjective.

We now prove that f is order preserving. As X, contains the co-root x,, of X, then for any
w € 1X,, since we always have w < xy, it follows w € 1X,, N | X,,. But X}, is convex by condition
(i), hence we proved 1X, C X,, and it is now clear that X,, = 1X,,. This fact will be used to
establish the last equality of the display below, whose other (nontrivial) equalities follow from
successive applications of Lemma 5.5.(4), in particular, of the fact that 1X; \ X; = 1X;,4, for all
j < n. For eachi < n, we have

TXi=Xi W (1Xi N Xi) = Xi WX
= Xi W (Xip1 W (1 X1\ Xig1))
=XiW X1 WX
=XiW X W (X W (1 X2\ Xiy2))
= XWX WX WtXi3

=XiWXiq W urX,
=XiWXj ¥ WX,
Recall that the aforementioned lemma also ensures 71X/ \ X! = 1X;, so the above display
immediately yields
X =X WIXINX) =X WX, = XWX, WX W WX,

Using the descriptions of X, 1X;, and X! proved above, it is now easy to see that f is indeed
order preserving. For supposez <y € X. As X = iL; X; Wi, X/, eitherz € X; orz € X,
for some i < n. If z € X;, then

yGTXi:XiH'JXZ‘JrlH'J"'L‘HXn
implies y € X;, for some j > i, and therefore that f(z) = x; < x; = f(y). If z € X], then
yETXZ/ :XZ{LTJXi&JXi+1L‘ﬂ"'L‘ﬂXn

entails either y € X! or y € Xj, for some j > i. Thus, either f(z) = x] = f(y), or f(z) = x] <
x; = f(y). We conclude that f is order preserving.

Next we show that f satisfies the up condition (see the definition of a bi-p-morphism 2.9). To
this end, suppose that f(z) < x, forsome z € X and x € €,. If x is of the form x/, for some i < 7,
then x is a minimal point of €, (recall our definition of the n-comb in Figure 5). So f(z) < x
forces f(z) = x} and we are done.
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If instead we have x = x;, for some i < 1, then f(z) < x; and the order of ¢, entail
f(z) € {xj, x}}, for some j < i. By Lemma 5.5.(1), we know

X; ClX;j ClXj1 € C X

It is now clear that both possibilities for f(z) € {xj,x} (equivalently, by the definition of f,
z € XjU X)), yield z € |X;, i.e, that there exists a y € X; satisfying z < y and f(y) = x;, as
desired.

It remains to prove that f satisfies the down condition (see Definition 2.9). Let z € X and
x € €,, and suppose x < f(z). As the case x = f(z) is trivial, we can assume without loss of
generality that x < f(z). In particular, we are assuming that f(z) is not a minimal point of ¢,
which forces f(z) = x;, for some i < n. This has two immediate consequences: z € X;, by our
definition of the map f; and x = xj or x € {x;, x;} for some j < i, by the structure of €.

If x = x/, then the inclusion X; C 1X/ (recall that 7X/ \ X! = 1X;, by Lemma 5.5.(4)) ensures
the existence of a point y € X! satisfying y < z € X; and f(y) = x/, as required.

On the other hand, if x € {x/-, x;} for some j < i, then as

ngTXlgTXI_lgngngX]/

follows from Lemma 5.5.(2), and thus z € X; C 1X; C TX]f, we can easily find, for both
possibilities on x € {x;,x}}, a point y € 71X} such that y < z and f(y) = x, as desired. This
finishes the proof that f satisfies the down condition, and we conclude that f is a surjective
bi-Esakia morphism.

Therefore, €, is a bi-Esakia morphic image of X', and we proved the left to right implication
of the desired equivalence.

The reverse implication is straightforward. Suppose that ¢, is a bi-Esakia morphic image of
X. By the Dual Subframe Jankov Lemma 4.23, it is clear that €, [~ B(&},), since €, trivially order-
embeds into itself. As the validity of formulas is preserved under taking bi-Esakia morphic
images, it follows X = B(€},), i.e., that €, order-embeds into X', again by the aforementioned
lemma. Therefore, ¢, can be regarded as a subposet of &, as desired. U

We can now derive the following corollary, thus finishing the first step in the proof of our
criterion.

Corollary 5.22. Let n € Z*. If X is a bi-Esakia co-forest, then X = B(C:) iff X = J(€F).
Equivalently, if B € bi-GA, then B [~ B(€;:) iff B [= J (C}).

Proof. We prove the second part of the statement, which is equivalent to the first part by duality.
Let n be a positive integer and B € bi-GA. Note the following equivalences:

B ~ B(C;) <= €, order-embeds into D,, for some D € H(B)g;
< D [~ J(€}), forsome D € H(B)g;
<~ B £ J(¢)).

The first equivalence follows from (1) <= (4) of the Dual Subframe Jankov Lemma 4.23. To
see that the second equivalence holds, notice that since D is an SI bi-Godel algebra, it follows
from Theorem 3.7 that D has no nontrivial homomorphic images and that D, is a co-tree.
By the previous theorem, €, order-embeds into D iff €, is a bi-Esakia morphic image of D,
which in turn, by duality and by our previous comment, is equivalent to ¢, € S(D) = SH(D).
Equivalently, D (= J(€}), by the Jankov Lemma 4.9, and we established the second equivalence.

Finally, the last equivalence is an immediate consequence of the aforementioned Jankov
Lemma. g

5.2. Step 2. The nontrivial part of this step consists in showing that the algebraic duals of the
finite combs are all 1-generated as bi-Heyting algebras. Before we prove this, we need a short
lemma about bi-E-partitions on bi-Esakia spaces (see Definition 2.16).
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Lemma 5.23. Let X' be a bi-Esakia space and E a bi-E-partition on X. If x < y < z € X, then
(x,z) € E implies (x,y) € E.
In particular, if X is the n-comb &, and (x;, x]-) € E forsome i < j < n, then (x;,x;41) € E.

Proof. Suppose x < y < z and (x,z) € E. With a view towards contradiction, we assume
(x,y) ¢ E. By the refined condition of E, there exists an E-saturated clopen upset V that
separates x and y. As x < y, y must be the point contained in V, since V' is an upset. But then
y < zentailsz € V. As (x,z) € E and V is E-saturated, we now have that x € V, contradicting
the definition of V.

The second part of the statement is clearly a particular instance of what we just proved, since
if i < j < n, then the order of ¢, entails x; < x;41 < Xj. O

Proposition 5.24. €}, is a 1-generated bi-Heyting algebra, for every n € Z™.

Proof. Firstly, the algebraic dual of the 1-comb is the three element chain, which is generated as
a bi-Heyting algebra by its only element distinct from 0 and 1. Let then n > 2 and recall that by
the Coloring Theorem 2.19, to show that €, is 1-generated, i.e., that there exists U € Up(¢,)
such that € = (U), it suffices to show that every proper bi-E-partition on €, identifies points
of different colors, where the coloring of ¢, = (Cy, <) is defined by

1 ifwel,
ol®) =90 weu

forallw € C,. Tothisend, let U := {x;} UT{x} € C,: i is even} and E be a proper bi-E-partition
on €.

We now prove by complete induction on i < n that if (x;, x;41) € E, then E must identify
points of different colors. Suppose (x;, xi+1) € E and that our induction hypothesis holds true
for all j < i. By the definition of E, in particular, since it satisfies the down condition, the fact
x;, 1 < xjy1 together with our assumption (x;, x;11) € E entails (w, x{ ;) € E, for some w < x;.
By the structure of ¢, the condition w < x; can be split into three cases: w = x/, or w = x; for
some j < 1,0r w = X; for some j < i.

If w = x{, then (x, xj,,) € E and we are done, since col(x;) # col(x;,,), by our definition of
the coloring of ¢,.

If w = x} for some j < i, then applying the up condition of E to x; < xj and (x},x},,) € E
yields (z, x]-) € E, for some z € 1x] -z = X} 41, then by the down condition, and noting that
x;, 1 is minimal in &, it follows that |x; C [x], ;]r, where [x] ] is the E-equivalence class of
x;, 1. Since x1,x] € lxj, the inclusion |x; C [x;, ] forces (x1,x]) € E and we are done, since
col(x;) = 0 # 1 = col(x1). On the other hand, if z # x;, ;, then we must have z = x;, for some
t>i+1. As (xj,z) € E,ie, (xj,x;) € E, and since j < i < t, Lemma 5.23 entails (x;, x;11) € E,
which falls under our induction hypothesis. Thus, E identifies points of different colors, as
desired.

It remains to consider the case w = x;, for j < i. Just note that in this case, (xj, xl’» Jrl) € E
and the fact that x;, ; is a minimal point entail |x; C [x] 4], by the down condition of E. By
the same reasoning as above, this implies that x; and x}, two points of different colors, are
E-equivalent, as desired.

We are finally ready to prove that if E is a proper bi-E-partition on ¢, then E identifies points
of different colors, and therefore the Coloring Theorem ensures that ¢, = (U) is a 1-generated
bi-Heyting algebra. Let i < j < n. If (x;,x;) € E, then Lemma 5.23 entails (x;, x;41) € E, and
the result now follows by our previous discussion. If (x;, x}) € E or (x;,x}) € E, using the same
argument as the one detailed above (namely, when dealing with the case "w = x]’.” in the proof
by induction) yields E-equivalent points of different colors, as desired. The only cases that
remain are either (x/, x;) € E or (], x]-) € E, which are clear, since the minimality of x} implies
either Jx; C [x[g or |x; C [x;]E, respectively, hence x} Ex;Ex;. Since we have col(x]) # col(x1),
the result follows. 0



42 NICK BEZHANISHVILI, MIGUEL MARTINS, AND TOMMASO MORASCHINI

Corollary 5.25. Let V be a variety of bi-Godel algebras. If V contains all the algebraic duals of the finite
combs, then V is not locally finite.

Proof. Let us note that, by definition, the finite combs are arbitrarily large finite co-trees. Hence,
their bi-Heyting duals are arbitrarily large finite bi-Godel algebras. If we assume that these duals
are all contained in V, then it follows from the previous proposition that there are arbitrarily
large finite 1-generated algebras in V. Therefore, the 1-generated free V-algebra must be infinite,
and thus V cannot be locally finite. U

5.3. Step 3. The third and last result we will need to prove Theorem 5.1 consists in establishing,
for arbitrary n,m € Z*, the existence of a natural bound k(n, m) for the size of m-generated SI
bi-Godel algebras whose bi-Esakia duals do not admit the n-comb as a subposet. We need a
few auxiliary lemmas.

Definition 5.26. Given a poset X’ and a chain H C X with a least element m and a greatest
element m,, we say that H is an isolated chain (in X)) if

Imi~H = {mo~{mp} and Tmo~H = tmy~{m1}.
Example 5.27. Consider the poset X depicted in Figure 6. The set H := {mo,d, m} forms
an isolated chain in X, since m; ~ H = {¢, f} = {mo~ {mp}and tmy~ H = {b,c,a} =
Ttmy ~ {m1}. On the other hand, the chain G := {my,b,a} is not isolated in X, since, for
example, ¢ € la~ Gbutc & [my ~ {m;}.

a
b c
mq
d
mo
e f

FIGURE 6. The poset X

Lemma 5.28. If X is a bi-Esakia space and H C X is an isolated chain, then E := H? U Idy, the least
equivalence relation identifying the points in H, is a bi-E-partition on X.

Proof. That E is an equivalence relation that satisfies the up and down conditions follows
immediately from the definition of E and that of an isolated chain. It remains to show that E
is refined, i.e., that every two non-E-equivalent points are separated by an E-saturated clopen
upset of X' (notice that, by the definition of E, a clopen upset U is E-saturated iff H C U or
HNU = @). To this end, let w,v € X and suppose (w,v) ¢ E. There are only two possible
cases: either w,v ¢ H, or, without loss of generality, w € Hand v ¢ H.

We first suppose that w,v ¢ H. Since (w,v) ¢ E, we have w # v, and we can suppose
without loss of generality that w ¢« v. By the PSA, there exists U € ClopUp(X) satisfying
we Uandv ¢ U. If w < my = MAX(H), then H being an isolated chain in X and w ¢ H
imply w < mg := Min(H), hence we have H C U, since U is an upset containing w. Thus, U
is an E-saturated clopen upset that separates w from v. On the other hand, if w £ m;, then by
the PSA there exists V € ClopUp(X') such that w € V and m; ¢ V. Since V is an upset not
containing mj, it follows H NV = @, and it is easy to see that U N V is an E-saturated clopen
upset that separates w from v, as desired.

Suppose now that w € H and v ¢ H. If my £ v, then we also have m( £ v, by the definition
of an isolated chain. The PSA now yields U € ClopUp(X) satisfying mp € U and v ¢ U. Since



BIINTERMEDIATE LOGICS OF TREES AND CO-TREES 43

U is an upset containing my, we have H C U and clearly U satisfies our desired conditions. On
the other hand, if m; < v, we must have m; < v because v ¢ H. Consequently, in this case,
we have v £ m;. Therefore, we can apply the PSA obtaining some V € ClopUp(X) such that
v € Vand m; ¢ V. Since V is an upset, it follows H NV = @&, and we conclude that V is an
E-saturated clopen upset that separates v from w, as desired. 4

Recall that an order-isomorphism is an order-invariant bijection between posets (in other words,
a surjective order-embedding), and that given two points w and v in a poset X = (X, <), we
denote [w,v] := {x € X: w < x < v}. Notice that if X is a co-forest, then [w, v] is a chain.

Lemma 5.29. Let X be a bi-Esakia co-forest and w,v € X two distinct points with a common immediate
successor. If both \w and |v are finite, and there exists an order-isomorphism f: |w — |v, then

E:={(xy) € X*: (x € lwand f(x) =y) or (x € lvand f(y) = x) } U ldx
is a bi-E-partition on X .

Proof. We start by noting that, by its definition, E is clearly an equivalence relation. Furthermore,
that E satisfies the down condition is immediate from the definition of E and that of an order-
isomorphism. Since we assumed that w and v share an immediate successor, and since in a
co-forest points have at most one immediate successor, it follows that E satisfies the up condition.
To see this, let us denote the unique immediate successor of both w and v by u, and note that,
for x € Jw (or x € |v), we have a description Tx = [x, w] W Tu (respectively, Tx = [x,v] & Tu),
since the principal upsets of X are chains. Using this description of 1x, the definition of E, and
that of an order-isomorphism, it is now clear that E satisfies the up condition.

We now show that E is refined, thus ensuring that E is a bi-E-partition on X. Let x,y € X and
suppose that (x,y) ¢ E. So x # y, and we can suppose without loss of generality that x £ y.
We proceed by cases:

e Casel: {x,y} N (JwU lv) =Q;

In this case, we have x ;é w and x ;( v. Since we also assumed x % y, by the PSA there are
Uy, Uy, U, € ClopUp(X) all containing x, and such thaty ¢ U, w ¢ Uy, and v ¢ U,. As Uy
is an upset not containing w, we have |w N U, = @. Similarly, it follows v N U, = @. Thus,
u:=u,NuU,NU,isan E-saturated (since U N (Jw U Jv) = @) clopen upset separating x
from y, as desired.

e Case2:x ¢ lwUvandy € |wU |v;

By assumption, we have x £ w and x £ v, so by the PSA there are Uy, U, € ClopUp(X),
both containing x, satisfying w ¢ U, and v ¢ U,. As Uy is an upset not containing w, we
have w N Uy, = @. Similarly, it follows v N U, = @. Thus, U = U, N U, is an E-saturated
(since UN (Jw U lv) = @) clopen upset separating x from y, since we assumed y € Jw U |v.
We note that the previous argument can also be used wheny ¢ |wU Jvand x € Jw U |v, by
replacing x with y, and vice-versa.

e Case3:x,y € lwU |v.

Without loss of generality, we suppose that x € Jwandy € Jw (ify € lvorx € v, we
can replace y or x in the following argument by f~!(y) or f~!(x), respectively, where f~! is
the inverse of the order-isomorphism f). As |w is finite by hypothesis, we can enumerate
lw~ ly = {x1,...,x,}. Notice that for all i < n, we have x; £ y by the definition of x;,
and x; £ f(y), since f(y) € lvand x; ¢ v (recall that w and v are distinct points in a
co-forest with a common immediate successor, hence we have |w N |v = ©). Using the
same argument as in the previous cases, x; £ y and x; £ f(y) imply, by the PSA, that there
exists U; € ClopUp(X) satisfying x; € U; and y, f(y) ¢ U;. As U, is an upset, it follows
that U; N (Jly ULf(y)) = @. Furthermore, by the definition of an order-isomorphism, x; & y
entails f(x;) £ f(y), and since we have f(x;) € Jvand y € Jw, it follows f(x;) £ y. Again,
the PSA yields some V; € ClopUp(X) satisfying f(x;) € V;and VN (ly U Lf(y)) = @. Let
U := UL, U; UUL, V;, and note that this is a clopen upset satisfying

{x1,...x0, f(x1),..., f(xy)} CUand UN (ly U lf(y)) = 2.
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As we assumed x € |w and x % y, it now follows x € {x1,...,x,} = Jw ~\ |y, and thus
x € U. By the way we defined U and E, we conclude that U is an E-saturated clopen upset
separating x from y.

Therefore, E is indeed a bi-E-partition on X O
We now have all the necessary tools to obtain the desired bound.

Proposition 5.30. If n and m are positive integers, then there is a natural bound k(n, m) (only dependent
on n and m) on the size of m-generated SI bi-Godel algebras whose bi-Esakia duals do not admit the
n-comb &, as a subposet.

Proof. Let n and m be positive integers. Take a bi-Esakia co-tree X which does not admit the
n-comb as a subposet, and suppose that X* is m-generated as a bi-Heyting algebra, so there are
u,..., Uy, € ClopUp(X) such that X* = (U, ..., Uy). By the Coloring Theorem 2.19, every
proper bi-E-partition on X must identify points of different colors, where the coloring of X’ is
defined by V(p;) = U;, fori < m.

First we prove that if w € min(X') then |tw| < (m + 1) - n. Take w € min(X’) and notice that,
since the U; are upsets, we can re-enumerate them in such a way as to satisfy

TwNnU; C--- CTwnUy.

Set Hy = twN U, H; :==twN (U;\Uj_1) foreveryi € {2,...,m}, and Hy11 := Tw \ Uy, It
is clear that tw = L{rjiﬁ;{l H;. We now show that |H;| < n, for all i < m + 1. For suppose this
is not the case, i.e., that |H;| > n for some i < m + 1. As H; is, by definition, contained in the
chain Tw, H; must also be a chain. Hence, |H;| > n implies that there exists a strictly ascending
sequence a1 < --- < a4, < a,41 contained in H;.

Let j < n and suppose that [a;,4;,1] is an isolated chain in X'. By the definitions of H; and
of our coloring of X, the inclusion [a i a]-+1] C H; forces all the points in this isolated chain to
have the same color. But now Lemma 5.28 yields a proper (since a; < a;,1) bi-E-partition on
& which does not identify points of different colors, contradicting the Coloring Theorem 2.19.
Thus, the chain [a/, a;,1] cannot be isolated.

Since &’ is a co-tree, it is clear that both

taj N aj, aj01] = Tajen \ {aj} and la; ~A{aj} C laj N [a),a544],
hold true. Therefore, the fact that the chain [a;, ;1] is not isolated in X’ (see Definition 5.26)
implies
\l,ﬂ]url N [IZ]', ll]'+1] g ia]- AN {IZ]}
Equivalently, there must exist x; € [a;,a;41] \ {a;} such that |x; \ ([a,a;41] U la;) # @.
As j was arbitrary in the above discussion, we can now fix, for each j < 7, an element
x; € Lxj ~ ([aj,4j11] U Laj). Thus, we have found a subposet of X,

({xj:j<nfu{xi:j<n}, <),

which is clearly a copy of the n-comb €, contradicting our hypothesis. Therefore, there can be
no chaina; < --- < a, < 4,1 contained in H;, and it follows |H;| < n foralli < m + 1.

Consequently, we conclude that tw = L*sz:tl H; consists of at most m + 1 pieces, each of size
at most 1, that is, |[fw| < (m + 1) - n as desired.

Since every point in a bi-Esakia space lies above a minimal one (see Proposition 2.14), it
now follows from the definition of the depth of a co-tree that dp(X) < (m + 1) - n. Notice
that X’ being a co-tree of finite depth entails that every point distinct from its co-root r has a
unique immediate successor. Let {w; },c; C min(X’), and suppose they all share their unique
immediate successor, v. Note that there are only 2" distinct colors, and that i # j € I implies
col(w;) # col(w;), otherwise Lemma 5.29 would contradict the Coloring Theorem. Thus, we
have |I| < 2™ and ||v| < 2" + 1.

Now, let u € X be such that all of its strict predecessors are either minimal, or are immediate
successors of minimal points. Set {v;}ic; := {y € X: y < u}, and notice that for all i € I, we
have |Jv;] < 2™ +1 by above. Moreover, since there are only 2" distinct colors, there exists
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a natural bound b(m) for the number of possible distinct colored configurations (by which
we mean poset structure together with a coloring) of the posets |v;. As the v; all share their
unique immediate successor, we cannot have that for i # j € I, |v; and |v; have both the same
poset structure (i.e., there exists an order-isomorphism from |v; to |v;) and coloring, otherwise
Lemma 5.29 would contradict the Coloring Theorem. Hence |I| < b(m), and we now have
Ju| < (2™ +1)-b(m) + 1.

Since we have a natural bound for the depth of X', we can now iterate the above argument
a finite number of times (namely, at most (m + 1) - n times) to find a bound ko(n,m) € w for
the size of X, i.e., | X| = |{r| < ko(n,m). By the nature of the argument that led to this bound,
ko(n,m) depends only on n and m, and not on X.

As there are only finitely many co-trees of size less than or equal to ko(n,m), it follows
that there are only finitely many bi-Esakia co-trees which do not admit ¢, as a subposet and
whose algebraic dual is m-generated. Therefore, we can now find a natural bound k(n, m) (only
dependent on ko (1, m)) for the size of the bi-Heyting duals of these bi-Esakia co-trees. O

5.4. The proof of Theorem 5.1 and a criterion for local tabularity. We are finally ready to
prove Theorem 5.1.

Proof. Let L be an extension of bi-GD. We start by proving the contrapositive of the left to right
implication. Accordingly, let us suppose that for all n € Z*, we have J(€;,) ¢ L. Equivalently,
that Vi = J(€;), by duality. It is now an immediate consequence of the Jankov Lemma 4.9
that V| contains all the algebraic duals of the finite combs. By Corollary 5.25, V} is not locally
finite, and thus L is not locally tabular, as desired.

To prove the reverse implication, suppose that J(¢}) € L, for some n € Z*. By duality,
this is equivalent to V; |= J(€};), which in turn is equivalent to V, |= (&;;) by Corollary 5.22.
In particular, it now follows that for each positive m € w, if A is an SI m-generated algebra
contained in Vp, then A |= B(€}). By the Dual Subframe Jankov Lemma 4.23, this is equivalent
to A, not admitting ¢, as a subposet. Since A satisfies all the conditions in the statement of
Proposition 5.30, we now have that |A| < k(n,m), and we can use Theorem 2.3 to conclude that
V1 is locally finite, i.e., that L is locally tabular. O

We can now derive the following criterion for local tabularity. Let us denote the logic of the
finite combs by Log(FC) := {9 € Fm:VYn € Z* (¢, = ¢)}.

Corollary 5.31. If L € A(bi-GD), then the following conditions are equivalent:

(i) L is locally tabular;
(i) J(€;) €L, forsomen € Z*;
(iii) B(<;) € L, for somen € Z™;
(iv) L ¢ Log(FC).
Consequently, Log(FC) is the only pre-locally tabular extension of bi-GD.

Proof. The equivalence (i) <= (ii) is just Theorem 5.1, while (ii) <= (iii) follows immediately
by duality and Corollary 5.22.

We now prove (ii) <= (iv). Suppose J(€) € L, for some n € Z™. Since €, [~ J () by
the Jankov Lemma 4.9, it is clear that L ¢ Log(FC) C Log(¢}:). Conversely, if L ¢ Log(FC), i.e.,
if there exists a finite comb satisfying ¢, [~ L, then the Jankov Lemma yields J(€};) € L, as
desired.

The last part of the statement is an immediate consequence of the equivalence (i) <= (iv). U

We close the paper by comparing some properties of the logic bi-GD (algebraized by bi-GA)
with those of the thoroughly investigated linear calculus LC which is algebraized by the variety
GA of Godel algebras, i.e., the class of Heyting algebras satisfying the Godel-Dummett axiom. In
the table below, SREC is a short hand for strongly rooted Esakia chain (i.e., an Esakia chain with
an isolated least element). The fact that A(bi-GD) is not a chain is an immediate consequence
of the proof of Theorem 4.16, while the previous result clearly ensures that bi-GD is not locally
tabular.
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LC=IPC+(p—=q)V(g—p) bi-GD = bi-IPC+(p = q) V (g — p)
A € GA <= A. is an Esakia co-forest A € bi-GA <= A. is a bi-Esakia co-forest
A € GAg; < A,isaSREC A € bi-GAs; < A, is a bi-Esakia co-tree
LC has the FMP bi-GD has the FMP
LC is locally tabular bi-GD is not locally tabular
A(LC) is a chain of order-type (w + 1)? A(bi-GD) is of size 2% and is not a chain
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